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LYLH zrunlqj0sdshuv r￿hu lq dgydqfh wkh uhvxowv ri hfrqrplf uhvhdufk xqghu
zd| lq rughu wr hqfrxudjh d glvfxvvlrq surfhvv ehiruh vhqglqj wkhp wr vflhqwl￿f
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DEVWUDFW
Frqvlghu d odujh +frqwlqxxp, srsxodwlrq ri ￿qlwho|0olyhg djhqwv rujdql}hg
lq klhudufklfdo ohyhov1 Hyhu| shulrg/ djhqwv duh pdwfkhg wr sod| d fhuwdlq
v|pphwulf jdph1 Rq wkh edvlv ri wkh sd|r￿v rewdlqhg/ d fhuwdlq 40iudfwlrq ri
wkrvh zkr shuiruphg ehvw dw hdfk ohyho duh surprwhg xszdugv1 Rq wkh rwkhu
kdqg/ qhzfrphuv uhsodflqj wkrvh zkr glh hyhu| shulrg hqwhu dw wkh orzhvw
ohyho dqg lplwdwh xqeldvhgo| +exw vxemhfw wr qrlvh, wkh dfwlrqv dgrswhg dw
wkh kljkhvw rqh1
Lq wklv frqwh{w/ wkh +xqltxh, orqj0uxq ehkdylru ri wkh v|vwhp lv ixoo| fkdu0
dfwhul}hg iru wkh zkroh fodvv ri 2￿2 frruglqdwlrq jdphv1 Wkh uhvxowv fuxfldoo|
ghshqg rq wkh ￿lqvwlwxwlrqdo￿ sdudphwhu 4 +zklfk uh hfwv krz klhudufklfdo ￿
ru vhohfwlyh ￿ wkh vrflhw| lv, dqg rq d sxuho| ruglqdo fulwhulrq rq wkh sd|r￿v
ri wkh jdph1 Lq sduwlfxodu/ h!flhqw +ru lqh!flhqw ehkdylru, pd| suhydlo lq
wkh orqj uxq ￿ hyhq zkhq ulvn0grplqdwhg ￿ li surprwlrq lq vrflhw| lv +ru/
uhvshfwlyho|/ lv qrw, vhohfwlyh hqrxjk1
Nh|zrugv= Vrfldo klhudufklhv/ odujh srsxodwlrq jdphv1
54 Lqwurgxfwlrq
Vrfldo ohduqlqj lq srsxodwlrq jdphv kdv ehhq dq lpsruwdqw wrslf ri uhvhdufk
lq uhfhqw |hduv1 D vljql￿fdqw sduw ri wklv ol whudwxuh kdv sxuvxhg dq hyroxwlrq0
du| dssurdfk/4 djhqwv ehlqj dvvxphg rqo| erxqghgo| udwlrqdo zkhq dgmxvwlqj
wkhlu ehkdylru ryhu wlph rq wkh edvlv ri uhodwlyho| vlpsoh uxohv1 Wkhvh prghov
glvsod| wzr lpsruwdqw ihdwxuhv=
41 Wkh| dvvxph +dw ohdvw lpsolflwo|, wkdw djhqwv kdyh dffhvv wr uhohydqw
sd|r￿ lqirupdwlrq zklfk lv xvhg wr jxlgh wkhlu ehkdylrudo dgmxvwphqwv1
Iru h{dpsoh/ lw lv w|slfdoo| vxssrvhg wkdw djhqwv fdq hlwkhu frpsxwh d
ehvw uhvsrqvh wr wkh fxuuhqw vlwxdwlrq/ ru wkh| fdq lplwdwh wkrvh dfwlrqv
zlwk kljkhvw sd|r￿ shuirupdqfh1
51 Wkh| irupxodwh vw|ol}hg wkhruhwlfdo iudphzrunv zklfk hlwkhu glvsod|
olwwoh ￿lqvwlwxwlrqdo￿ vwuxfwxuh +h1j1 d joredoo| xqlirup pdwfklqj vfh0
qdulr,5 ru kdyh wkhlu srwhqwldo lqvwlwxwlrqdo ulfkqhvv pdvnhg e| d uhgxfhg0
irup vshfl￿fdwlrq dqg vrph devwudfw uhtxluhphqw ri ￿prqrwrqlflw|￿
+h1j1 wkh Uhsolfdwru G|qdplfv dqg vrph ri lwv jhqhudol}dwlrqv,1
Lq wkh suhvhqw sdshu/ L sursrvh d vljql￿fdqw ghsduwxuh iurp wudglwlrqdo hyr0
oxwlrqdu| dqdo|vlv lq hdfk ri wzr iruphu uhvshfwv1
Iluvw/ lq frqwudvw zlwk +4,/ lw lv dvvxphg wkdw wkh sd|r￿ dfklhyhg e| wkh
gl￿huhqw vwudwhjlhv lv qrw gluhfwo| revhuyhg1 Lqvwhdg/ rqo| vrph lqglfdwlrq
ri wkhlu uhodwlyh shuirupdqfh lv rewdlqhg wkurxjk lqirupdwlrq uhjduglqj zkr
kdv suryhq wr eh pruh vxffhvvixo lq ulvlqj wkurxjk wkh vrfldo klhudufk| +vhh
ehorz,1 Wkh prwlydwlrq khuh lv wkdw/ lq pdq| fdvhv ri lqwhuhvw/ lw lv uhdolvwlf
wr dvvxph wkdw wkh sd|r￿ dfklhyhg e| vrph vwudwhjlhv fdq rqo| eh revhuyhg
lqgluhfwo|1 Lqghhg/ L zrxog olnh wr dujxh wkdw wkh pruh frpsoh{ dqg pxowl0
idfhwhg d ￿vwudwhj|￿ lv/ wkh kdughu lw xvxdoo| ehfrphv wr dwwdlq d fohdu0fxw
dvvhvvphqw ri lwv ehqh￿wv1 +Iru h{dpsoh/ wklqn ri krz gl!fxow lw lv wr hydox0
dwh wkh olih0wlph ehqh￿wv ri d fhuwdlq fkrlfh ri hgxfdwlrq gluhfwo|/ l1h1 wkurxjk
d fohdu revhuydwlrq ri lwv ￿sd|r￿￿1,
4D yhu| sduwldo olvw lqfoxghv Irvwhu ) \rxqj +4<<3,/ Ixghqehuj dqg Kduulv +4<<5,/
Ndqgrul/ Pdlodwk ) Ure +4<<6,/ \rxqj +4<<6,/ dqg Vdpxhovrq +4<<7,1
5Wkhuh duh vrph lpsruwdqw h{fhswlrqv zkhuh wkh +￿{hg, lqwhudfwlrq sdwwhuq lv dvvxphg
wr eh orfdo +h1j1 Hoolvrq +4<<6,, ru hyhq  h{leoh dqg hqgrjhqrxvo| ghwhuplqhg wkurxjk
wkh djhqwv* rzq dgmxvwphqw ri wkhlu/ vd|/ orfdwlrq ghflvlrqv +h1j1 Pdlodwk/ Vdpxhovrq dqg
Vkdnhg +4<<8,/ dqg Ho| +4<<8,,1 Xqolnh wkhvh sdshuv/ rxu irfxv khuh lv rq d klhudufklfdo
vhjphqwdwlrq lq wkh lqwhudfwlrq sdwwhuq/ wkh ￿uh0orfdwlrq￿ h{shulhqfhg e| djhqwv ehlqj
lpsrvhg rq wkhp e| wkh phfkdqlvp ri vrfldo surprwlrq1 Vhh ehorz iru ghwdlov1
6Uhjduglqj +5, deryh/ wkh pdmru qryhow| glvsod|hg e| wkh suhvhqw iudph0
zrun lv hperglhg e| wkh dvvxpswlrq wkdw lqglylgxdov duh rujdql}hg dqg lq0
whudfw zlwklq dq hyroylqj vrfldo klhudufk| 1 Vshfl￿fdoo|/ lw lv srvwxodwhg wkdw
djhqwv/ ￿qlwho| olyhg/ hqwhu wkh srsxodwlrq wkurxjk ohyho }hur dqg vhohfw d
fhuwdlq vwudwhj| wr eh sod|hg iru wkh uhvw ri wkhlu olih1 Lq hyhu| shulrg/ doo
wkrvh djhqwv zkr duh vwloo dolyh zlwklq hdfk ohyho ehfrph lqwhuqdoo| pdwfkhg
wr sod| d fhuwdlq elodwhudo jdph1 Wkhq/ rq wkh edvlv ri wkh sd|r￿v hduqhg/ d
jlyhq iudfwlrq 4 5 Efc￿￿ dprqj wkrvh zkr shuiruphg ehvw dw hdfk ohyho duh
￿surprwhg￿ xszdugv wr wkh ohyho deryh1
Wkh sdshu*v pdlq wkhruhwlfdo frqfhuq gzhoov rq wkh txhvwlrq ri zkhwkhu
wkh nlqg ri sd|r￿0uhvsrqvlyh lqvwlwxwlrqv ghvfulehg +dv sdudphwul}hg e| 4￿
pd| suryh h￿hfwlyh lq frpshqvdwlqj iru wkh dvvxphg odfn ri sd|r￿ revhuy0
delolw| dqg ohdg wkh srsxodwlrq wrzdugv h!flhqw vrfldo ehkdylru1 Ri frxuvh/
d nh| srlqw lq wklv uhvshfw shuwdlqv wr krz lqfrplqj djhqwv duh dvvxphg wr
fkrrvh wkhlu olih0orqj vwudwhjlhv1 Wkh iroorzlqj ￿fxowxudo￿ +vwdwxv0vhqvlwlyh,
irupxodwlrq lv dgrswhg= dprqj qhzfrphuv/ wkh iudfwlrq ri wkrvh fkrrvlqj
hdfk vwudwhj| htxdov wkhlu uhvshfwlyh iuhtxhqf| lq wkh xsshu0prvw hfkhorq ri
vrflhw|1
Frpelqlqj wkh gl￿huhqw frqvlghudwlrqv h{sodlqhg/ zh duh ohg wr d pxowl0
idfhwhg surfhvv ri vrfldo ohduqlqj wkdw hperglhv lqwhu0ohyho lplwdwlrq/ lqwud0
ohyho lqwhudfwlrq/ dqg sd|r￿0uhvsrqvlyh surprwlrq1 Wkhvh duh wkh fruh frp0
srqhqwv ri wkh g|qdplf prgho vwxglhg lq wklv sdshu1 Krzhyhu/ iru erwk
frqfhswxdo dqg whfkqlfdo uhdvrqv +h1j1 wr hqvxuh wkh hujrglflw| ri wkh sur0
fhvv,/ lw zloo dovr eh dvvxphg wkdw erwk lplwdwlrq dqg surprwlrq duh shu0
wxuehg rffdvlrqdoo| +l1h1 zlwk yhu| vpdoo suredelolw|, lq d vwrfkdvwlf dqg
wlph0lqghshqghqw pdqqhu1
Wkh prgho rxwolqhg kdv ehhq lqvsluhg e| vrph uhfhqw zrun ri Kduulqjwrq
+4<<8,1 Wkuhh fuxfldo gl￿huhqfhv zlwk lw duh dv iroorzv1
Iluvw/ Kduulqjwrq frqwhpsodwhv d prgho zlwk qr vwudwhjlf lqwhudfwlrq= wkh
sd|r￿ dfklhyhg e| hdfk djhqw rqo| ghshqgv rq khu rzq dfwlrq1 Wkhuhiruh/
lq frqwudvw zlwk rxu hpskdvlv khuh/ klv irfxv lv qrw rq jdphv ru lvvxhv ri
htxloleulxp vhohfwlrq1
Vhfrqg/ Kduulqjwrq srvwxodwhv wkdw surprwlrq wr xsshu ohyhov lv wkh rxw0
frph ri d sdluzlvh frqwhvw/ djhqwv dw hdfk ohyho ehlqj pdwfkhg lq sdluv wr
wklv h￿hfw1 +Wkxv/ lq sduwlfxodu/ dozd|v kdoi ri wkh srsxodwlrq dw hdfk ohyho
lv surprwhg1,
Ilqdoo|/ wkh iudphzrun vwxglhg e| Kduulqjwrq grhv qrw doorz iru vwrfkdvwlf
qrlvh wr sod| dq| uroh lq wkh prwlrq ri wkh v|vwhp1 Wkhuhiruh/ rqh fdqqrw
qrw rewdlq wkh hujrglflw| frqfoxvlrqv +l1h1 lqghshqghqfh ri lqlwldo frqglwlrqv,
zklfk duh wkh hvvhqfh ri rxu htxloleulxp0vhohfwlrq uhvxowv1
7Vrphzkdw pruh glvwdqwo|/ wkh dssurdfk sxuvxhg lq wklv sdshu lv dovr uhpl0
qlvfhqw ri wkh uhfhqw olwhudwxuh wkdw kdv iuxlwixoo| lqwurgxfhg frqvlghudwlrqv ri
vrfldo vwdwxv lqwr surfhvvhv ri dffxpxodwlrq dqg jurzwk1 Wkh frpprq vwduw0
lqj srlqw ri wkh gl￿huhqw sdshuv lq wklv olqh ri uhvhdufk lv wkh h{solflw srvwxodwh
wkdw djhqwv glvsod| d fhuwdlq +prqrwrqh, suhihuhqfh iru vwdwxv1 Krzhyhu/ wkh
vshfl￿f phfkdqlvp e| zklfk djhqwv duh vxssrvhg wr dwwdlq vwdwxv lq hdfk
sduwlfxodu prgho lv riwhq txlwh gl￿huhqw1 Iru h{dpsoh/ lq Froh/ Pdlodwk )
Srvwohzdlwh +4<<5,/6 vwdwxv lv wkh rxwfrph ri d vrfldo frqwhvw iru ￿pdwhv￿ wkdw
lv uhvroyhg rq wkh edvlv ri uhodwlyh zhdowk1 Lq frqwudvw/ Ihuvkwpdq/ Pxusk| )
Zhlvv +4<<9, srvwxodwh wkdw wkh vwdwxv dvvrfldwhg wr d fhuwdlq dfwlrq +lq wkhlu
fdvh/ wkh fkrlfh ri rffxsdwlrq, lv jlyhq e| wkh dyhudjh ohyho ri kxpdq fdslwdo
suhydlolqj dprqj wkrvh zkr dgrsw wklv dfwlrq1 Qdwxudoo|/ zkhq wkhvh glyhuvh
frqvlghudwlrqv duh hpehgghg lq dq lqwhuwhpsrudo frqwh{w/ wkh zd| lq zklfk
wkh| d￿hfw djhqwv* ghflvlrqv lv dovr txlwh glyhuvh/ h1j1 wkh| uhlqirufh fdsl0
wdo dffxpxodwlrq lq Froh hw do1+4<<5,/ ru pd| lqwurgxfh srwhqwldoo| kdupixo
glvwruwlrqv wkdw duh ghwulphqwdo wr jurzwk lq Ihuvkwpdq hw do1 +4<<9,1
Lq wkh suhvhqw iudphzrun/ li wkh fxuuhqw ￿vwdwxv￿ ri dq djhqw lv lghqwl￿hg
zlwk khu srvlwlrq lq wkh klhudufk|/ wkh uroh lw sod|v lq wkh g|qdplfv ri wkh
prgho lv txlwh gl￿huhqw iurp wkdw ri wkh deryh phqwlrqhg olwhudwxuh1 Khuh/
vwdwxv rqo| dfwv dv d vljqdoolqj +ru vrfldol}dwlrq, ghylfh wkdw gluhfwv wkh dgrs0
wlrq ghflvlrqv ri qhzfrphuv1 Dv h{sodlqhg lq pruh ghwdlo ehorz/ lw pd| eh
qdwxudo wr vxssrvh wkdw vxfk qrwlrq ri vwdwxv kdv d wdqjleoh h￿hfw rq sd|0
r￿v +h1j1 lw frxog eh srvwxodwhg wkdw wkh ￿jdph￿ sod|hg dw kljkhu ohyhov lv
xqdpeljxrxvo| ehwwhu,1 Krzhyhu/ hyhq wkrxjk wklv zrxog eh dq dsshdolqj
prwlydwlrq iru wkh lplwdwlrq uxoh irupxodwhg iru qhzfrphuv/ lw lv qrw dw doo d
uhtxluhg ihdwxuh ri wkh prgho1
L hqg wklv Lqwurgxfwlrq zlwk d vxppdu| ri wkh uhvxowv dqg d eulhi glvfxv0
vlrq ri krz wkh| frpsduh zlwk uhfhlyhg hyroxwlrqdu| olwhudwxuh1 Dv lq pxfk
ri wklv olwhudwxuh/ wkh irfxv khuh lv rq v|pphwulf 2 ￿ 20frruglqdwlrq jdphv/
l1h1 jdphv zlwk wzr sxuh0vwudwhj| v|pphwulf htxloleuld17 Lq wklv frqwh{w/
lw lv ￿uvw vkrzq wkdw d xqltxh rxwfrph lv rewdlqhg lq wkh orqj uxq dv wkh
6Vhh dovr wkh odwhu sdshuv ri Froh/ Pdlodwk/ dqg Srvwohzdlwh +4<<9, dqg Fruqhr dqg
Mhdqqh +4<<9,1
7Lq d frpsdqlrq sdshu +Yhjd0Uhgrqgr +4<<:,,/ L dqdo|}h wkh lpsolfdwlrqv ri wkh suhvhqw
dssurdfk iru wkh frpsohphqwdu| idplo| ri 5 ￿50jdphv zklfk uh hfw d sureohp ri ￿dv|p0
phwulf frruglqdwlrq￿1 Lq wkhvh fdvhv +h1j1 wkh idploldu Kdzn0Gryh jdph,/ Qdvk htxl0
oleulxp ehkdylru hlwkhu hperglhv d ixqgdphqwdo dv|pphwu| ru/ li v|pphwulf/ lqgxfhv d
fhuwdlq ￿edodqfh￿ ehwzhhq wkh wzr vwudwhjlhv1
Dv lw wxuqv rxw/ hyhq wkhq rqh rewdlqv d xqltxh orqj0uxq suhglfwlrq iru wkh prgho wkdw
ghshqgv rq lqwhuhvwlqj zd|v rq lwv xqghuo|lqj sdudphwhuv1 Krzhyhu/ lq frqwudvw zlwk wkh
suhvhqw fdvh/ wkh qh{xv ehwzhhq h!flhqf| dqg ￿ pd| eh txlwh frpsoh{/ jhqhudoo| qrw
ohdglqj wr htxloleulxp ehkdylru ri wkh xqghuo|lqj jdph1
8vwrfkdvwlf qrlvh ehfrphv duelwudulo| vpdoo lq d vxlwdeoh vhqvh +l1h1 d xqltxh
frq￿jxudwlrq lv revhuyhg doprvw vxuho| dorqj dq| vdpsoh sdwk,1 Pruhryhu/
vxfk xqltxh orqj0uxq rxwfrph fdq eh lghqwl￿hg zlwk rqh ri wkh htxloleuld
ri wkh xqghuo|lqj jdph/ hyhu| sod|hu lq lw fkrrvlqj d frpprq +htxloleulxp,
vwudwhj|1 Zkhwkhu ru qrw wklv vwudwhj| lv wkh h!flhqw rqh ghshqgv rq wkh
iroorzlqj wzr nh| ihdwxuhv ri wkh hqylurqphqw= wkh vhohfwlrq udwh 4 +uhfdoo
deryh, dqg wkh r￿0htxloleulxp sd|r￿v suhydlolqj lq wkh jdph1
Wkh vlpsohvw fdvh dulvhv zkhq wkh surprwlrq frqglwlrqv duh txlwh ghpdqg0
lqj> vshfl￿fdoo|/ zkhq 4 ￿ ￿*2￿ Wkhq/ wkh h!flhqw vwudwhj| +l1h1 wkh vwudwhj|
sod|hg lq wkh h!flhqw htxloleulxp, lv dozd|v vhohfwhg lq wkh orqj uxq/ lqghshq0
ghqwo| ri dq| rwkhu frqvlghudwlrqv +lq sduwlfxodu/ luuhvshfwlyho| ri zkdw duh
wkh r￿0htxloleulxp sd|r￿v lq wkh xqghuo|lqj jdph,1 Krzhyhu/ lq wkh srodu
fdvh zkhuh 4:￿*2 +wkdw lv/ zkhq wkh hqylurqphqw lv qrw txlwh dv ghpdqg0
lqj,/ zklfk vwudwhj| hqgv xs suhydlolqj lq wkh orqj uxq fuxfldoo| ghshqgv rq
r￿0htxloleulxp sd|r￿v1 Pruh suhflvho|/ wkh h!flhqw vwudwhj| frqwlqxhv wr eh
vhohfwhg lq wkh orqj uxq li/ dqg +hvvhqwldoo|, rqo| li/ lwv r￿0htxloleulxp sd|r￿
lv odujhu wkdq wkdw ri wkh lqh!flhqw vwudwhj|18
Wkhvh frqfoxvlrqv frqwudvw vkduso| zlwk wkrvh irxqg lq suhylrxv olwhudwxuh
lq dw ohdvw wzr lpsruwdqw uhvshfwv=
+d, Iluvw dqg iruhprvw/ wkh lvvxh ri zkhwkhu h!flhqf| lv dfklhyhg lq wkh orqj
uxq klqjhv xsrq fhuwdlq ￿fxowxudo￿ ru ￿lqvwlwxwlrqdo￿ ihdwxuhv ri krz vrflhw|
lv rujdql}hg +lq sduwlfxodu/ wkh vwulqjhqf| ri lwv surprwlrq uhtxluhphqwv,1
+e, Vhfrqg/ zkhq wkhvh lqvwlwxwlrqdo ihdwxuhv duh vxfk wkdw wkh| doorz iru
wkh srvvlelolw| ri orqj0uxq lqh!flhqf|/ wkh uhohydqw fulwhulrq rq sd|r￿v zklfk
ohdgv wr lwv pdwhuldol}dwlrq lv erwk txdolwdwlyh lq qdwxuh +l1h1 ruglqdo, dqg
vljql￿fdqwo| zhdnhu wkdq wkh fxvwrpdu| qrwlrq ri ulvn grplqdqfh1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh
prgho1 Vhfwlrq 6 fduulhv rxw wkh dqdo|vlv1 Vhfwlrq 7 lqfoxghv wkh yhuedo
glvfxvvlrq ri wkh uhvxowv dqg vxjjhvwv vrph h{whqvlrqv1 Ilqdoo|/ wkh irupdo
surriv duh frqwdlqhg lq wkh Dsshqgl{1
5 Wkh prgho
Frqvlghu d odujh srsxodwlrq ri djhqwv/ zlwk wkh fduglqdolw| ri wkh frqwlqxxp/
glvwulexwhg lq ? n￿gl￿huhqw vrfldo vwudwd +ru ohyhov,1 Dw hyhu| | ’￿ c2c￿￿￿c
wkrvh lq hdfk ohyho & ’f c￿c2c￿￿￿c? duh dvvxphg udqgrpo| pdwfkhg lq sdluv
8Dv h{sodlqhg lq Vhfwlrq 7/ wklv kdv vrph ehdulqj rq wkh lvvxh ri zkhwkhu ru qrw
frrshudwlrq pd| dulvh lq wkh orqj uxq zkhq djhqwv sod| d fhuwdlq uhvwulfwhg yhuvlrq ri wkh
￿qlwho| uhshdwhg Sulvrqhu*v Glohppd1
9wr sod| d elodwhudo v|pphwulf jdph zlwk vwudwhjlhv dqg sd|r￿v dv ghvfulehg





Wklv jdph lv dvvxphg wr eh ri wkh frruglqdwlrq w|sh/ l1h1 @:S / K:_ ￿
Ixuwkhupruh/ iru wkh vdnh ri frqfuhwhqhvv/ zh wdnh @:K cl1h1 vwudwhj| ￿ lv
wkh h!flhqw +htxloleulxp, vwudwhj|1
Djhqwv olyh iru ? shulrgv1 Dw hyhu| |c d frqwlqxxp ri wkhp +ri phdvxuh
rqh, vwduw wkhlu olih e| fkrrvlqj d fhuwdlq vwudwhj|1 Wklv fkrlfh lv frqfhlyhg
dv d olih0orqj rswlrq +h1j1 wkh ohduqlqj d surihvvlrq ru wkh dgrswlrq d vhw
ri ￿ydoxhv￿, zklfk/ rqfh pdgh/ ehfrphv luuhyhuvleo| ￿{hg iru wkh uhvw ri dq
djhqw*v olih1
Hyhu| djhqw hqwhuv wkh vrfldo klhudufk| dw ohyho }hur1 Wkhq/ ghshqglqj ri
wkh +uhodwlyh, sd|r￿v hduqhg wkurxjkrxw khu olih/ vkh pd| hvfdodwh xs dorqj
lw1 Wzr hvvhqwldo ihdwxuhv ri wkh prgho qhhg wr eh vshfl￿hg lq wklv uhvshfw=
+l, Krz qhzfrphuv fkrrvh wkhlu vwudwhj|> +ll, wkh surprwlrq dqg lqwhudfwlrq
phfkdqlvpv suhydlolqj dw hdfk ohyho1 Wkh| duh dgguhvvhg lq wxuq1
Frqfhuqlqj +l,/ lw zloo eh srvwxodwhg wkdw qhzfrphuv lqghshqghqwo| fkrrvh
hdfk ri wkh wzr dfwlrqv/ ￿ dqg ￿c zlwk d suredelolw| htxdo wr wkhlu uhvshfwlyh
iuhtxhqflhv dw wkh kljkhvw ohyho ri vrflhw|1 Wklv lv wkh vw|ol}hg irupxodwlrq
w|slfdoo| sursrvhg e| vrflr0elrorjlfdo prghov ri fxowxudo hyroxwlrq +vhh/ iru
h{dpsoh/ wkh fodvvlfdo zrun e| Er|g ) Ulfkhuvrq +4<;8,,1 Lq wkhlu odqjxdjh/
lw dprxqwv wr lghqwli|lqj wkrvh djhqwv zkr rffxs| wkh kljkhvw srvlwlrq lq
wkh vrfldo klhudufk| dv wkh Ruroh prghov￿ vkdslqj vrfldo ohduqlqj1
Dv vxjjhvwhg lq wkh Lqwurgxfwlrq/ d qdwxudo zd| wr prwlydwh wklv irupx0
odwlrq lv wr vxssrvh wkdw wkhuh lv vrfldo ￿suhvwljh￿ +ru vwdwxv, ghulyhg iurp
vxffhvv lq dvfhqglqj dorqj wkh vrfldo klhudufk|1 Dq dowhuqdwlyh +exw frp0
sohphqwdu|, srvvlelolw| zrxog eh wr vxssrvh wkdw wkh jdph sod|hg dw wkh
xsshu ohyhov ri vrflhw| |lhogv xqlirupo| kljkhu sd|r￿v wkdq wkrvh zklfk fdq
eh hduqhg dw orzhu rqhv1 Iru h{dpsoh/ vxssrvh wkdw sd|r￿v +wdnhq wr eh qrq0
qhjdwlyh, duh pxowlsolhg e| d fhuwdlq ohyho0vshfl￿f idfwru zklfk lv frpprq
wr doo vwudwhjlhv exw lqfuhdvhv lq d vx!flhqwo| vwhhs idvklrq zlwk wkh vrfldo
ohyho dw zklfk wkh jdph lv sod|hg1 Wklv zrxog qrw d￿hfw rxu dqdo|vlv/9 exw lv
dq dsshdolqj ￿wdqjleoh￿ pdwhuldol}dwlrq ri zkdw wkh vrfldo klhudufk| lpsolhv1
9Rxu uhvxowv rqo| ghshqg rq wkh udqnlqj ri wkh gl￿huhqw srvvleoh sd|r￿v/ zklfk lv
reylrxvo| qrw d￿hfwhg e| vxfk d surfhgxuh1
:Xqghu wkhvh frqglwlrqv/ lw lv uhdvrqdeoh wr vxssrvh wkdw djhqwv zloo zdqw wr
plplf wkh ehkdylru irxqg wr eh pruh suhydohqw dw wkh kljkhvw ohyho/ zlwk wkh
krsh wkdw wkh| wkhpvhoyhv zloo uhdfk wklv ohyho dv zhoo1
Dv iru +ll, deryh/ L vkdoo iroorz Kduulqjwrq +4<<8, lq pdnlqj wkh vlpsoli|0
lqj dvvxpswlrq wkdw/ dw hdfk |c rqo| wkrvh djhqwv zkr kdyh qrw |hw vx￿huhg d
vhw0edfn lq wkhlu surprwlrq dw vrph hduolhu wlph duh vwloo ￿lq wkh udfh￿1 Wklv lv
htxlydohqw wr wkh udwkhu uhdolvwlf qrwlrq wkdw surprwlrq uhpdlqv d srvvlelolw|
rqo| iru wkrvh djhqwv zkr duh ri wkh ￿uljkw￿ +l1h1 |rxqjhvw, djh iru wkh ohyho
lq txhvwlrq1 Dprqj wkhvh/ wkh frqwhvw iru surprwlrq lv vwuxfwxuhg dv iroorzv1
Iluvw/ djhqwv duh udqgrpo| pdwfkhg zlwklq hdfk ohyho & ’f c￿c￿￿￿c?￿ ￿ wr
sod| wkh jdph1 Wkhq/ jlyhq wkh sur￿oh ri sd|r￿v uhvxowlqj iurp wklv lqwhu0
dfwlrq/ rqo| d iudfwlrq 4 ri wkrvh djhqwv zkr dw hdfk ohyho kdyh rewdlqhg wkh
kljkhvw sd|r￿v lv surprwhg xszdugv/ wkh uhpdlqlqj iudfwlrq E￿ ￿ 4￿ ehlqj
irufhg rxw ri wkh ￿udfh￿ iru wkh uhvw ri wkhlu olih1 Lqwxlwlyho|/ wkh sdudphwhu
4 5 Efc￿￿ uh hfwv wkh vwulqjhqf| ri wkh surprwlrq uhtxluhphqwv suhydlolqj lq
wkh vrflhw| dqg zloo eh d nh| frqvlghudwlrq lq wkh dqdo|vlv1
Irupdoo|/ wkh surfhvv ghvfulehg fdq eh frqfhlyhg dv d g|qdplfdo v|vwhp
rq wkh vwdwh vsdfh l ￿ dfc￿o?1 Dw dq| jlyhq |c wkh vwdwh ri wkh v|vwhp
lv wkh yhfwru >E|￿’E >￿E|￿c> 2E|￿c￿￿￿c> ?E|￿￿/ vshfli|lqj wkh iudfwlrq ri wkh
srsxodwlrq >&E|￿ dgrswlqj vwudwhj| ￿ dw hdfk ohyho & ￿ ￿￿ Vlqfh qhzfrphuv
duh dvvxphg wr dgrsw wkhlu vwudwhj| e| lqghshqghqw dqg xqeldvhg lplwdwlrq
ri wkh kljkhvw ohyho/ zh vkdoo lqyrnh wkh Odz ri Odujh Qxpehuv: dqg vlpso|
pdnh >fE|￿’>?E|￿/ l1h1 wkh iudfwlrq >fE|￿ ri ￿0dgrswhuv dprqj qhzfrphuv
dw | h{dfwo| htxdov wkdw suhydlolqj dw wkh kljkhvw ohyho1
Vlploduo|/ wkh wudqvlwlrqv dfurvv ohyhov lqgxfhg e| wkh surprwlrq phfkd0
qlvp pd| eh irupxodwhg lq d sxuho| ghwhuplqlvwlf idvklrq li/ gxh wr wkh odujh
qxpehuv lqyroyhg/ rqh uxohv rxw dq| pdwfklqj0lqgxfhg xqfhuwdlqw| lq wkh
djjuhjdwh1 Ohw
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vwdqg iru wkh ixqfwlrq zklfk vshfl￿hv wkh iudfwlrq ri djhqwv %￿ fkrrvlqj vwudw0
hj| ￿ dw dq| ohyho & n￿zkhq/ iru & ’f c￿c￿￿￿c?￿ ￿c wklv iudfwlrq zdv % dw
ohyho & gxulqj wkh suhfhglqj shulrg1 Wkh sduwlfxodu irup ri wklv ixqfwlrq ￿ fi1
+:, ru +46, ehorz ￿ ghshqgv rq wkh sduwlfxodu vfhqdulr xqghu frqvlghudwlrq
+l1h1 rq wkh dvvxpswlrqv pdgh rq wkh jdph sd|r￿v,1
:Zh devwudfw khuh iurp wkh zhoo0nqrzq exw gholfdwh lvvxhv dulvlqj lq frqqhfwlrq zlwk
dq dssolfdwlrq ri wkh Odz ri Odujh Qxpehuv wr d frqwlqxxp ri udqgrp yduldeohv1 +Vhh/
iru h{dpsoh/ Ihogpdq ) Jloohv +4<;8, ru Mxgg +4<;8,1,
;Exloglqj xsrq wkh sduwlfxodu sE￿￿ wr eh dssolhg lq hdfk fdvh/ wkh ryhudoo
g|qdplfv pd| eh irupdol}hg dv iroorzv=
>&n￿E| n￿ ￿ ’ sE>&E|￿￿c& ’￿ c￿￿￿c?￿ ￿c +4,
>￿E| n￿ ￿ ’ sE>?E|￿￿￿ +5,
Rq wkh rqh kdqg/ +4, uh hfwv wkh surprwlrq g|qdplfv ghvfulehg lq +ll, deryh
dv lw dssolhv wr hdfk ohyho & ’￿ c2c￿￿c? ￿ ￿1 Rq wkh rwkhu kdqg/ +5, mrlqwo|
hperglhv wkh vrfldol}dwlrq surfhvv h{shulhqfhg e| wkh jhqhudwlrq ri qhzfrp0
huv dw | +uhfdoo +l, deryh, wrjhwkhu zlwk wkh hqvxlqj surprwlrq g|qdplfv e|
zklfk d iudfwlrq ri wklv jhqhudwlrq lv surprwhg wr ohyho ￿1 Lqwhusuhwlqj lqglfhv
dv ￿prgxor q￿/ +4, dqg +5, pd| eh frpsdfwo| h{suhvvhg dv iroorzv
>&n￿E| n￿ ￿’sE>&E|￿￿c& ’￿ c￿￿￿c?c +6,
zlwk
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uhsuhvhqwlqj wkh fruuhvsrqglqj +yhfwru0ydoxhg, ixqfwlrq1
Wkh ixqfwlrq 8E￿￿ dozd|v glvsod|v d pxowlsolflw| ri ￿{hg +ru uhvw, srlqwv>
iru h{dpsoh/ E￿c￿c￿￿￿c￿￿ dqg Efcfc￿￿￿cf￿ duh wzr wulyldo vxfk lqvwdqfhv xqghu
dq| vshfl￿fdwlrq ri wkh sdudphwhuv1 Wklv lpsolhv/ lq sduwlfxodu/ wkdw wkh
olplw ehkdylru ri wkh v|vwhp +lq sduwlfxodu/ lwv orqj0uxq suhglfwlrqv, fdqqrw
eh glvvrfldwhg iurp lqlwldo frqglwlrqv1
Wr dgguhvv vxfk ￿klvwru| ghshqghqfh￿/ lw lv d vwdqgdug dssurdfk wr lq0
wurgxfh vpdoo shuwxuedwlrqv lqwr wkh v|vwhp zlwk wkh krsh wkdw wklv pd|
khos glvfulplqdwh dprqj dowhuqdwlyh orqj0uxq rxwfrphv rq wkh edvlv ri wkhlu
gl￿huhqwldo urexvwqhvv1 D zlgh ydulhw| ri dowhuqdwlyh vshfl￿fdwlrqv frxog eh
frqvlghuhg khuh zlwk lghqwlfdo lpsolfdwlrqv1; Iru frqfuhwhqhvv/ lw zloo eh vlp0
so| dvvxphg wkdw/ iru hdfk & ’￿ c2c￿￿￿c?c wkhuh lv vrph frpprq dqg ￿vpdoo￿
suredelolw| 0:f +lqghshqghqw dfurvv wlph dqg ohyhov, vxfk wkdw hdfk ri wkh
htxdwlrqv lq +6, lv shuwxuehg dv iroorzv=
>&n￿E| n￿ ￿’sE>&E|￿￿ n #&E|￿c +7,
zkhuh #&E|￿ lv d udqgrp yduldeoh/ djdlq lqghshqghqw dfurvv wlph dqg ohyhov/
zlwk vxssruw rq d￿sE>&E|￿￿c￿￿ sE>&E|￿￿o ￿ l1h1 sE>&E|￿￿ n#&E|￿ kdv vxssruw
;Iru h{dpsoh/ rqh frxog doorz wkh suredelolwlhv zlwk zklfk shuwxuedwlrqv rffxu dw
gl￿huhqw ohyhov wr eh gl￿huhqw ￿ hyhq lq￿qlwhvlpdo ri gl￿huhqw rughuv1 Dv dq h{wuhph
lqvwdqfh ri wklv/ vrph ri wkhvh suredelolwlhv +doehlw qrw doo, frxog eh pdgh lghqwlfdoo| }hur1
Dqrwkhu srvvleoh yduldwlrq ri wkh prgho zrxog kdyh wkh vwrfkdvwlf shuwxuedwlrq rshudwh
vroho| rq wkh vrfldol}dwlrq g|qdplfv/ qhyhu rq wkh surprwlrq phfkdqlvp1 Lw fdq eh fkhfnhg
wkdw qrqh ri wkh suhylrxv dowhuqdwlyh irupxodwlrqv zrxog dowhu wkh hvvhqwldo frqfoxvlrqv ri
wkh dqdo|vlv1
<rq dfc￿o ￿ dqg d frqwlqxrxv ghqvlw| ￿bE￿ m >&E|￿￿1 Wkh ydoxh ri b 5 Unn zloo
eh xvhg wr sdudphwul}h wkh ￿vkdsh￿ ri wkh qrlvh/ dv h{sodlqhg ehorz1
Wkxv/ zlwk vrph uhodwlyho| odujh +lqghshqghqw, suredelolw| ￿ ￿ 0c wkh
surprwlrq g|qdplfv iurp ohyho & wr & n￿lv wdnhq wr surfhhg xqshuwxuehg/
dv ghvfulehg e| +6,1 Rq wkh rwkhu kdqg/ zlwk wkh uhvlgxdo suredelolw| 0c
wklv g|qdplfv lv shuwxuehg e| d fhuwdlq djjuhjdwh vkrfn wkdw/ zlwk srvlwlyh
ghqvlw|/ ohdgv wr dq| hqvxlqj sur￿oh dw ohyho & n￿ ￿
Wkh shuwxuedwlrqv frqwhpsodwhg lq +7, duh vlplodu lq vslulw wr wkrvh w|s0
lfdoo| srvwxodwhg e| prghuq Hyroxwlrqdu| Jdph Wkhru|1 Wkh| duh wr eh
lqwhusuhwhg dv udwkhu lqiuhtxhqw glvuxswlrqv ri wkh fruh g|qdplfv ri wkh sur0
fhvv/ uh hfwlqj wkrvh xqprghoohg idfwruv +h1j1 pljudwlrq ru vrph rwkhu ￿h{0
whuqdo vkrfnv￿, wkdw pd| rffdvlrqdoo| lqwhuihuh zlwk lw1 Lq frqwudvw zlwk wkh
dssurdfk riwhq sxuvxhg lq ￿qlwh0srsxodwlrq vfhqdulrv +fi1 Ndqgrul/ Pdlodwk
dqg Ure +4<<6, ru \rxqj +4<<6,, wklv vwrfkdvwlf qrlvh lv qrw irupxodwhg dv wkh
rxwfrph ri vrph lqglylgxdo0edvhg lqghshqghqw pxwdwlrq/ exw gluhfwo| dv dq
djjuhjdwh shuwxuedwlrq1 Wklv lv prwlydwhg e| wkh idfw wkdw/ lq wkh frqwlqxxp0
srsxodwlrq iudphzrun frqvlghuhg khuh/ vwrfkdvwlf lqghshqghqw qrlvh dw wkh
lqglylgxdo ohyho srvhv ixqgdphqwdo sureohpv/ erwk ri d frqfhswxdo dqg whfk0
qlfdo qdwxuh1<
Wkh irupxodwlrq frqwhpsodwhg lq +7, lv pruh dnlq wr wkdw srvwxodwhg
e| Irvwhu dqg \rxqj +4<<3, dqg Ixghqehuj dqg Kduulv +4<<5,1 Krzhyhu/
wkhuh lv wkh lpsruwdqw gl￿huhqfh wkdw/ lq wkhlu iudphzrun/ vrph djjuhjdwh
shuwxuedwlrq +krzhyhu vpdoo, lv vxssrvhg wr rffxu d1v1 hyhu| shulrg1 Lq
frqwudvw/ wkh suhvhqw dssurdfk srvwxodwhv wkdw wkh djjuhjdwh shuwxuedwlrq
wdnhv sodfh +lq hyhu| shulrg dqg dw hyhu| ohyho, rqo| zlwk vrph suredelolw|
0 1 Lq wklv vhqvh/ lw uhvsrqgv wr d udwkhu gl￿huhqw frqfhswxdo lqwhusuhwdwlrq
ri wkh djjuhjdwh qrlvh/ zklfk lv ehvw frqfhlyhg khuh dv wuljjhuhg e| vshfl￿f
hyhqwv +ru vkrfnv, wkdw rffxu rqo| udwkhu lqiuhtxhqwo|1
Dv dgydqfhg/ lw vhhpv qdwxudo wr lqvlvw wkdw wkh shuwxuedwlrqv frqvlg0
huhg eh rqo| vpdoo1 Lq rxu frqwh{w/ wklv lghd pd| eh dssurdfkhg lq wzr
frpsohphqwdu| zd|v1
￿ Iluvw/ rqh pd| uhtxluh wkdw wkh suredelolw| 0 zlwk zklfk dq djjuhjdwh
shuwxuedwlrq rffxuv dw dq| ohyho vkrxog eh vpdoo1 Irupdoo|/ wklv zloo eh
fdswxuhg e| pdnlqj 0 $ f +vhh +8,,1
￿ Vhfrqgo|/ rqh pd| dovr ghpdqg wkdw/ jlyhq wkdw d shuwxuedwlrq rffxuv/
vpdoohu ￿vkliwv￿ duh vxevwdqwldoo| pruh olnho| wkdq odujhu rqhv1 Rqo|
<Uhfdoo Irrwqrwh : rq wkh whfkqlfdo sureohpv dulvlqj zkhq frqvlghulqj d frqwlqxxp ri
lqghshqghqw udqgrp yduldeohv1 Exw hyhq li wkhvh sureohpv frxog eh wdfnohg dqg/ vd|/ wkh
Odz ri Odujh Qxpehuv frxog eh vxlwdeo| lqyrnhg/ wklv zrxog gr dzd| zlwk wkh vwrfkdvwlf
qdwxuh ri wkh v|vwhp dqg suhfoxgh lwv ghvluhg hujrglflw|1
43vrph ri rxu uhvxowv zloo exlog xsrq wklv lghd1 Wr pdnh lw suhflvh/ zh
vkdoo ￿qg lw xvhixo wr uho| rq d b0sdudphwul}dwlrq ri wkh shuwxuedwlrq
ghqvlw| wkdw vdwlv￿hv=
D14 ;i:f <7 b:f vxfk wkdw li b ￿ 7 bc wkh iroorzlqj dssolhv=
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Wkh deryh frqglwlrq vlpso| h{suhvvhv wkh qrwlrq wkdw d ghfuhdvlqj ydoxh
iru b sdudphwul}hv frqglwlrqv zkhuh shuwxuedwlrqv ri odujhu vl}h ehfrph sur0
juhvvlyho| ohvv olnho|1 Lq wkh olplw/ wkh uhodwlyh h{0dqwh olnholkrrg ri dq| du0
elwudulo| vpdoo lqfuhdvh lq wkh shuwxuedwlrq idoov wr }hur dv b ehfrphv vpdoo1
Lq d khxulvwlf vhqvh/ vxfk d vpdoo ydoxh iru b fdq eh ylhzhg dv wkh odujh0
srsxodwlrq frxqwhusduw ri wkh ydqlvklqj vpdoo pxwdwlrq udwh riwhq frqwhp0
sodwhg e| ￿qlwh0srsxodwlrq hyroxwlrqdu| prghov +uhfdoo deryh,144
Ixuwkhu sxuvxlqj wkh dqdorj| zlwk fxvwrpdu| hyroxwlrqdu| prghov/ d qdw0
xudo frqglwlrq wr ghpdqg iurp wkh shuwxuedwlrq lv wkdw lw glvsod| vrph qdw0
xudo v|pphwu| +l1h1 xszdug dqg orzhu vkliwv glvsod| vlplodu suredelolwlhv,1
Uhvwulfwhg djdlq wr wkh wzr h{wuhph sur￿ohv >? ’f c￿/45 wklv lv wkh lqwhusuh0
wdwlrq ri wkh iroorzlqj ￿qdo dvvxpswlrq=
D15 ;b : fc ;# 5 dfc￿oc￿ bE# m f￿ ’ ￿bE￿# m ￿￿￿
6 Dqdo|vlv
Il{ b dqg iru dq| 0:f frqvlghu wkh Pdunry surfhvv rq l lqgxfhg e| 8E￿￿
dqg wkh shuwxuedwlrq frqwhpsodwhg lq +7,1 Ghqrwh wklv Pdunry surfhvv e|
￿0 zlwk wudqvlwlrq suredelolwlhv ￿0E￿ m >￿ 5 {El￿ iru hdfk > 5 l/ zkhuh
{El￿ vwdqgv iru wkh vhw ri Eruho suredelolw| phdvxuhv rq l hqgrzhg zlwk
wkh wrsrorj| ri zhdn frqyhujhqfh1 D vwdqgdug uhvxow +vhh h1j1 Ph|q dqg
Wzhhglh +4<<6,, jxdudqwhhv wkdw wkh surfhvv kdv d xqltxh olplw glvwulexwlrq
zklfk vxppdul}hv wkh orqj0uxq ehkdylru ri wkh surfhvv1 Wkdw lv=
Sursrvlwlrq 4 Iru dq| 0 : fc wkh surfhvv ￿0 frqyhujhv wr d xqltxh lqyduldqw
glvwulexwlrq l0 5 {El￿c lqghshqghqwo| ri lqlwldo frqglwlrqv1
43Lq sulqflsoh/ wklv frqglwlrq frxog eh ghpdqghg iru dq| ydoxh ri ￿q= Krzhyhu/ qrwh wkdw
lw lv mxvw frqwhpsodwhg iru wkh wzr h{wuhph sur￿ohv ￿q @3 >4=
44Ri frxuvh/ wklv khxulvwlf dqdorj| lv idu iurp dffxudwh/ dv h{sodlqhg lq Irrwqrwh :1
45Wkh frqvlghudwlrqv h{sodlqhg lq Irrwqrwh 43 dsso| khuh dv zhoo1
44Rxu frqfhuq zloo eh wr vwxg| wkh orqj0uxq ehkdylru ri wkh v|vwhp +dv






rewdlqhg zkhq wkh shupxwdwlrq suredelolw| ehfrphv lq￿qlwhvlpdo1 Wkh du0
jxphqw lqyroyhg lq fkdudfwhul}lqj l
W ￿ vkrzlqj/ lq sduwlfxodu/ wkdw lw lv d
zhoo0gh￿qhg hohphqw ri {El￿ ￿ surfhhgv lq wkh iroorzlqj wzr vwhsv1
Iluvw/ lw pxvw eh vkrzq wkdw wkh lq￿qlwh lwhudwlrq ri wkh xqshuwxuehg g|0
qdplfv/ 8 "c frqyhujhv wr olplw ehkdylru glvsod|lqj vxlwdeoh orqj0uxq uhjxodu0
lwlhv1 Wklv zloo eh wkh frqwhqw ri Sursrvlwlrqv 7 dqg :/ uhvshfwlyho| frqfhuqlqj
hdfk ri wkh wzr vfhqdulrv xqghu frqvlghudwlrq1 Iru rxu suhvhqw sxusrvhv/ wkh










frqyhujhv zhdno| wr vrph zhoo0gh￿qhg suredelolw| phdvxuh -E￿ m >￿ 5 {El￿c
zkhuh B8 oE>￿ vwdqgv iru wkh phdvxuh ixoo| frqfhqwudwhg lq 8 oE>￿1 Wr hvwdeolvk
wklv frqfoxvlrq lv lqghhg wkh ￿uvw ￿orjlfdo vwhs￿ lq wkh fkdudfwhul}dwlrq ri
l
W￿ Krzhyhu/ iru h{srvlwlrqdo uhdvrqv/ lw lv xvhixo wr srvwsrqh lwv ghwdlohg
vwdwhphqw dqg surri wr wkh srlqw ehorz zkhuh hdfk ri wkh wzr dowhuqdwlyh
vfhqdulrv lv vwxglhg lq ghwdlo +fi1 Vxevhfwlrqv 614 dqg 615,1
Dvvxplqj/ wkhuhiruh/ wkdw wkh vhtxhqfh lq +9, frqyhujhv zhdno| wr vrph
suredelolw| phdvxuh lq {El￿c wkh vhfrqg vwhs lq wkh fkdudfwhul}dwlrq ri l
W
surfhhgv dv iroorzv1 Iru dq| jlyhq & ’￿ c2c￿￿￿c?c ghqrwh e| ’& wkh Pdunry
surfhvv rq l zkrvh wudqvlwlrq suredelolw| phdvxuh ’&E￿ m >￿ hperglhv wkh
iroorzlqj wzr frpsrqhqwv=
￿ wkh shuwxuehg surprwlrq g|qdplfv jlyhq e| +7, rshudwlqj rq wkh wudq0
vlwlrq iurp ohyho & wr ohyho & n￿ c wrjhwkhu zlwk
￿ wkhxqshuwxuehg surprwlrq g|qdplfv +6, dssolhg rq wkh wudqvlwlrqv iurp
doo rwkhu &￿ 9’ &1
Irupdoo|/ ’& pd| eh gh￿qhg wkurxjk wkh pdujlqdov ’&
￿E￿ m >￿ rq hdfk
frpsrqhqw ri wkh vwdwh vsdfh dv iroorzv=
’
&
&￿E￿ m >￿ ’ BsE>&￿3￿￿ E&
￿ 9’ & n￿ ￿
’
&




45zkhuh BsE>&￿3￿￿ uhsuhvhqwv wkh suredelolw| phdvxuh frqfhqwudwhg lq sE>&￿3￿￿
dqg . ￿sE>&￿ ￿ i+ G sE>&￿n+ 5 .j iru dq| Eruho vxevhw . ri dfc￿o￿
Qh{w/ rq wkh edvlv ri wkh wudqvlwlrq suredelolwlhv i’&E￿m>￿j?
&’￿ 5 {El￿
mxvw gh￿qhg/ ohw ’ ghqrwh wkh Pdunry surfhvv rq l rewdlqhg zkhq wkh sur0
prwlrq g|qdplfv fdswxuhg e| 8E￿￿ lv shuwxuehg rqo| dw rqh ohyho &/ hdfk ri








iru dq| Eruho vxevhw ￿ ri l￿
Ilqdoo|/ ohw ’-E￿ m >￿ vwdqg iru wkh suredelolw| phdvxuh rq l rewdlqhg
e| frpsrvlqj - wr ’ iurp vwdwh >/ l1h1 ￿uvw dsso|lqj wkh wudqvlwlrqv suh0
vfulehg e| ’c wkhq e| - +vhh wkh Dsshqgl{ iru wkh suhflvh irupdo ghwdlov,￿
Rq wkh edvlv ri vxfk frpsrvlwlrq/ wkh iroorzlqj uhvxow surylghv d yhu| xvhixo
fkdudfwhul}dwlrq ri l
W1
Sursrvlwlrq 5 Iru dq| ￿{hg b : fc wkh vhtxhqfh ri lqyduldqw glvwulexwlrqv
il0j frqyhujhv zhdno| wr vrph l
W 5 {El￿ dv 0 $ f￿ Pruhryhu/ l
W lv wkh
xqltxh lqyduldqw phdvxuh ri wkh Pdunry surfhvv ’-1
Surri1 Vhh wkh Dsshqgl{1
Wkh suhylrxv Sursrvlwlrq iroorzv iurp d jhqhudo uhvxow hvwdeolvkhg e|
Ndudqglndu/ Prrnkhumhh/ Ud| ) Yhjd0Uhgrqgr +4<<9, iru jhqhudo shuwxuehg
Pdunry surfhvvhv +vhh Wkhruhp D lq wkh Dsshqgl{,1 Lw ohdgv wr wkh iroorzlqj
udwkhu lqwxlwlyh zd| ri frpsxwlqj wkh olplw lqyduldqw glvwulexwlrq l
W=
+l, Iluvw/ lghqwli| wkh olplw vwdwhv ri wkh xqshuwxuehg surfhvv dv wkh rqo|
srvvleoh fdqglgdwh vwdwhv wr olh lq wkh vxssruw ri l
W1
+ll, Vhfrqg/ hydoxdwh wkh uhodwlyh olnholkrrg ri wudqvlwlrqv dfurvv wkhvh vwdwhv
e| phdqv ri d vlqjoh shuwxuedwlrq dw vrph ohyho dqg wkh hqvxlqj rshudwlrq
ri wkh xqshuwxuehg surfhvv1
Wzr gl￿huhqw vfhqdulrv zklfk +jhqhulfdoo|,46 sduwlwlrq wkh idplo| ri 2￿2
frruglqdwlrq jdphv qhhg wr eh glvwlqjxlvkhg lq wkh dqdo|vlv1 Wkhlu glvwlqfwlrq
rqo| ghshqgv rq d frpsdulvrq ri wkh r￿0htxloleulxp sd|r￿v/ S dqg _ lq
Wdeoh 41
46Iru qrq0jhqhulf sd|r￿ frq￿jxudwlrqv +h1j1 zkhq f @ g,/ wkh dqdo|vlv wxuqv rxw wr eh
txlwh dqdorjrxv wr wkh jhqhulf fdvhv vwxglhg khuh1 Iru ￿?4@5> rqh rewdlqv h{dfwo| wkh
vdph frqfoxvlrqv/ l1h1 orqj0uxq vhohfwlrq ri wkh h!flhqw vwudwhj|1 Lqvwhdg/ zkhq ￿A4@5>
erwk vwudwhjlhv glvsod| lghqwlfdo zhljkw lq wkh olplw glvwulexwlrq1
46Wkh ￿uvw vfhqdulr/ odehoohg Vfhqdulr L/ lv fkdudfwhul}hg e| wkh lqhtxdolw|
_:S ￿Lq wklv fdvh/ wkh h!flhqw vwudwhj| ￿ |lhogv d kljkhu sd|r￿ wkdq wkh
rwkhu rqh ￿ iru erwk rq0 dqg r￿0htxloleulxp sod|v1 Lw lpsolhv/ lq sduwlfxodu/
wkdw wkh h!flhqw vwudwhj| lv ulvn0grplqdqw +lq wkh vhqvh ri Kduvdq|l ) Vhowhq
+4<;;,,/ exw lv vxevwdqwldoo| vwurqjhu1
Wkh vhfrqg vfhqdulr/ Vfhqdulr LL/ glvsod|v wkh rssrvlwh lqhtxdolw| S:_ ￿Lq
wklv fdvh/ wkh lqh!flhqw vwudwhj| ohdgv wr d kljkhu r￿0htxloleulxp sd|r￿ wkdq
wkdw rewdlqhg e| wkh h!flhqw vwudwhj|1 Lq olqh zlwk wkh suhylrxv revhuydwlrq/
qrwh wkdw wklv lqhtxdolw| lv frqvlvwhqw zlwk wkh h!flhqw vwudwhj| ehlqj ulvn
grplqdqw1 Pruhryhu/ lw dozd|v dssolhv zkhq wkh lqh!flhqw vwudwhj| lv ulvn
grplqdqw1
Hdfk ri wkhvh wzr vfhqdulrv lv qrz dgguhvvhg lq wxuq1
614 Vfhqdulr L= _:S
Lq ylhz ri +9, dqg Sursrvlwlrq 5/ rxu ￿uvw wdvn pxvw eh wr lghqwli| wkh ixqfwlrq
sE￿￿ irupdol}lqj wkh surprwlrq g|qdplfv dw dq| ohyho & ’ fc￿c2c￿￿￿c?￿ ￿
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4 ￿ % ￿ ￿￿ +i,
+:,
Iru vpdoo hqrxjk ydoxhv ri 4c vrph ri wkh udqjhv +d,0+i, pd| eh hpsw| ru
qrw zhoo gh￿qhg1 Lq wkdw fdvh/ wkh deryh vshfl￿fdwlrq ri sE￿￿ lv lqwhusuhwhg
lq dq reylrxv idvklrq1 +Iru h{dpsoh/ li 4 ￿
￿
2c +d, dqg +h, phujh lqwr rqh
frqwlqxrxv udqjh/ zlwk +e,/ +f,/ dqg +g, ehfrplqj xqdssolfdeoh1 Rq wkh rwkhu
kdqg/ li 4:
￿
ec doo vl{ udqjhv duh zhoo0gh￿qhg dqg qrq0hpsw|1,
Dgguhvvlqj wkh vl{ %0udqjhv zklfk gh￿qh sE￿￿ lq wxuq/ L qrz h{sodlq lq
vrph ghwdlo wkh irupxodwlrq dvvrfldwhg wr hdfk ri wkhp1 Udqjh +d, dssolhv
wr wkrvh ydoxhv ri % ￿ ￿*2 vxfk wkdw 2E￿ ￿ %￿% ￿ ￿ ￿ 4 dqg %2 ￿ 4￿ Li %
47lv zlwklq wklv udqjh/ doo wkrvh lqglylgxdov zkr sod| vwudwhj| ￿ dqg phhw ￿
sod|huv +wkhuh duh E￿￿%￿% ri wkhp, gr qrw jhw surprwhg1 Iru wkh| uhfhlyh d
orzhu sd|r￿ wkdq wkrvh sod|huv +ri ￿ dqg ￿ w|sh, zkr phhw wkhlu rzq w|sh
+wkhuh duh %2 nE ￿￿ %￿2 ri wkhp, dqg zh kdyh=
%
2 nE ￿￿ %￿
2 ’￿￿ 2E￿ ￿ %￿% ￿ 4￿
Wkxv/ hyhu|rqh surprwhg pxvw eh dprqj wkrvh zkr phhw vrphrqh ri wkhlu
rzq w|sh1 Rq wkh rwkhu kdqg/ doo ￿ sod|huv zkr phhw ￿ sod|huv duh surprwhg
xszdugv vlqfh wkh| rewdlq wkh kljkhvw sd|r￿ lq wkh srsxodwlrq dqg wkhlu wrwdo
vl}h %2 grhv qrw h{fhhg wkh surprwlrq txrwd 4￿ Frpelqlqj wkhvh idfwv/ rqh
frqfoxghv wkdw wkh uhohydqw iuhtxhqf| ri lqglylgxdov dgrswlqj ￿ dw wkh qh{w
xsshu ohyho lq wkh iroorzlqj shulrg pxvw eh ￿
4%2c dv lqglfdwhg lq +d, deryh1
+Qrwh wkdw wkh wrwdo qxpehu ri uhohydqw lqglylgxdov ￿ l1h1 wkrvh vwloo ￿holjleoh￿
iru surprwlrq ￿ idoov dw wkh udwh 4 dfurvv frqvhfxwlyh ohyhov1,
Udqjh +e, frqvlghuv wkrvh ydoxhv ri %￿￿*2 vxfk wkdw 2E￿￿%￿% ￿ ￿￿4 ￿
E￿ ￿ %￿%￿ Dv ehiruh/ wkh wdvn lv wr frpsxwh wkh qxpehu ri ￿ sod|huv zklfk
duh surprwhg xszdugv1 Iluvw/ qrwh wkdw
2E￿ ￿ %￿% ￿ ￿ ￿ 4 , %
2 ￿ 4￿
Wkxv/ doo ￿ sod|huv phhwlqj ￿ sod|huv +%2 ri wkhp, duh surprwhg1 Vxssrvh
wkdw wkh vhfrqg lqhtxdolw| gh￿qlqj wkh udqjh ri +e, lv vdwlv￿hg vwulfwo|1 Wklv
lpsolhv wkdw ￿ ￿ 4 : E￿ ￿ %￿%￿ Wkhq/ dprqj ￿ sod|huv zkr phhw ￿ sod|huv/
qrw doo fdq eh surprwhg vlqfh
4￿￿ ￿ E￿ ￿ %￿%￿
Wkxv/ rqo| wkh uhvlgxdo ohiw iurp 4 diwhu wkh sod|huv zkr phhw wkhlu rzq w|sh
kdyh ehhq surprwhg lv dydlodeoh iru dgglwlrqdo surprwlrq1 Wklv lpsolhv wkdw
rqo| wkh wrwdo qxpehu %2 n4￿E%2nE￿￿%￿2￿ ri ￿ sod|huv zloo eh surprwhg1
Rqfh wklv qxpehu lv djdlq vfdohg e| 4c wkh h{suhvvlrq lq +e, rewdlqv1
Frqvlghu qrz udqjh +f,1 Wklv fruuhvsrqgv wr wkrvh ydoxhv ri % zklfk
vdwlvi| E￿ ￿%￿% ￿ ￿￿4￿ Lq wklv fdvh/ doo wkrvh djhqwv zkr duh qrw surprwhg
duh fkrvhq iurp ￿ sod|huv phhwlqj ￿ sod|huv/ zklfk lpsolhv wkdw doo ￿ sod|huv
duh surprwhg +l1h1 % ri wkhp,1 Wklv ohdgv wr +f, diwhu glylglqj e| 4￿
Udqjhv +g, dqg +h, duh v|pphwulf wr +e, dqg +d,/ uhvshfwlyho|/ zlwk %:
￿*2 lqvwhdg ri wkh rssrvlwh lqhtxdolw|1 Ilqdoo|/ wkh h{suhvvlrq iru udqjh +i,
iroorzv iurp wkh idfw wkdw li %2 ￿ 4c wkhq rqo| ￿ sod|huv +vshfl￿fdoo|/ wkrvh
zkr phhw ￿ sod|huv, fdq eh surprwhg1 Wklv lpsolhv wkdw rqo| wklv nlqg ri
sod|huv zloo eh suhvhqw dw wkh qh{w xsshu ohyho lq wkh iroorzlqj shulrg1
Rxu qh{w wdvn lqyroyhv lghqwli|lqj wkh ￿{hg srlqwv dqg rwkhu xvhixo joredo
surshuwlhv ri wkh ixqfwlrq sE￿￿1 Wklv lv wkh sxusrvh ri wkh iroorzlqj Sursrvl0
wlrq1
48Sursrvlwlrq 6 Ohw sE￿￿ eh gh￿qhg e| +:, dqg ghqrwh 1 ￿ 4￿?i4c￿￿4j￿ Wkh
vhw ri ￿{hg srlqwv ri sE￿￿ lv ifc￿c1j￿ Pruhryhu/ iru doo % 5 Efc￿￿c
sE%￿ :%/ % :1 ￿ +;,
Surri1 Vhh wkh Dsshqgl{1
E| zd| ri looxvwudwlrq/ Iljxuhv 4 dqg 5 ehorz ghslfw wkh ixqfwlrq sE￿￿ lq
+:, iru wkh wzr udwkhu h{wuhph ydoxhv ri 4 ’ f￿2c f￿H￿







Iljxuh 4= sE￿￿ ￿ Vfhqdulr L/ 4 ’ f￿2







Iljxuh 5= sE￿￿ ￿ Vfhqdulr L/ 4 ’ f￿H
Qh{w/ zh fkdudfwhul}h wkh orqj0uxq ehkdylru ri wkh +xqshuwxuehg, g|0
qdplfv uhvxowlqj iurp 8E￿￿ ￿ +xqltxho| lqgxfhg iurp sE￿￿, lq wkh suhvhqw





E>￿c> 2c￿￿￿c> ?￿ 5 l? G >￿n￿ ’ 8E>￿￿c ;￿ ’ ￿c2c￿￿￿c?￿ ￿c
>￿ ’ 8E>?￿c >￿ 5 ifc￿c1j?
￿
￿ +<,
49Wklv vhw uhsuhvhqwv wkh froohfwlrq ri ?0f|fohv ri 8E￿￿ vxfk wkdw/ dw wkh ehjlq0
qlqj ri wkh f|foh +dqg/ wkhuhiruh/ wkurxjkrxw lw dv zhoo e| Sursrvlwlrq 6, wkh
iuhtxhqf| ri ￿ sod|huv dw dq| ohyho & lv hlwkhu f/ ￿/r u1￿47 E| frqvwuxfwlrq/
wkhvh ?0f|fohv gh￿qh fruuhvsrqglqj olplw vhwv iru wkh xqshuwxuehg g|qdplfv1
Wkh fodlp wkdw/ uhflsurfdoo|/ wkh| lqgxfh dv zhoo wkh rqo| olplw vhwv ri wklv
g|qdplfv lv hvwdeolvkhg e| wkh iroorzlqj uhvxow1
Sursrvlwlrq 7 Dvvxph wkh sd|r￿ frqglwlrqv ri Vfhqdulr L1 Wkhq/ jlyhq dq|




d>Eo?n￿ ￿ c>Eo?n2 ￿ c￿￿￿c>Eo?n ?￿o 5 \U￿
Surri1 Vhh wkh Dsshqgl{1
Dv d gluhfw fruroodu| ri wkh dujxphqw xvhg lq wkh Dsshqgl{ wr hvwdeolvk
wkh suhylrxv uhvxow/ lw iroorzv wkdw rqo| wkrvh ?0f|fohv lq \U zklfk lqyroyh
￿krprjhqhrxv￿ jhqhudwlrqv +l1h1 zlwk d sur￿oh % ’ fc￿￿ txdoli| dv orfdoo|
vwdeoh iru wkh xqshuwxuehg g|qdplfv￿ Irupdoo|/ ghqrwh=
￿ \U ’
￿
E>￿c>2c￿￿￿c> ?￿ 5 l? G >￿n￿ ’ 8E>￿￿c ;￿ ’ ￿c2c￿￿￿c? ￿￿c
>￿ ’ 8E>?￿c >￿ 5 ifc￿j?
￿
￿ +43,
Fruroodu| 4 Dvvxph wkh sd|r￿ frqglwlrqv ri Vfhqdulr L1 Wkhq/ wkh vhw ri
?0f|fohv zklfk duh orfdoo| vwdeoh49 iru wkh g|qdplfv lqgxfhg e| 8E￿￿ lv jlyhq
e| wkh vhw ￿ \U1
Iurp wkh suhfhglqj Fruroodu|/ wkh uhtxluhphqw ri orfdo vwdelolw| lpsrvhg
rq wkh xqshuwxuehg v|vwhp douhdg| qduurzv grzq vxevwdqwldoo| wkh srvvleoh
orqj0uxq +urexvw, suhglfwlrqv ri wkh prgho1 Wr surfhhg lq wklv gluhfwlrq hyhq
ixuwkhu/ zh qrz uhvruw wr d pruh vwulqjhqw uhtxluhphqw ri vwrfkdvwlf vwdelolw|1
Ghqrwh e| ￿, wkh vwdwh E￿c￿c￿￿￿c￿￿ zkhuh wkh h!flhqw vwudwhj| ￿ lv sod|hg
dw hdfk ohyho1 Exloglqj xsrq wkh fkdudfwhul}dwlrq surylghg e| Sursrvlwlrq 7/
rxu qh{w uhvxow hvwdeolvkhv wkdw/ zlwklq Vfhqdulr L/ rqo| wkh frqvwdqw ?0f|foh
E￿,c￿,c￿￿￿c￿,￿ lv +jhqhulfdoo|, urexvw wr wkh frqvlghudwlrq ri lqiuhtxhqw dqg vpdoo
qrlvh1
47Qrwh wkdw wkhuh lv qr uhtxluhphqw ri plqlpdolw| rq wkh q0f|foh1 Wkxv/ lq sduwlfxodu/
d ￿{hg srlqw +l1h1 d 40f|foh, jlyhv ulvh wr d frqvwdqw q0f|foh1
48Wkurxjkrxw wkh sdshu/ zh dgrsw wkh vwdqgdug qrwdwlrqdo frqyhqwlrq wkdw wkh vx0
shulqgh{ glvsod|hg e| d ixqfwlrq uh hfwv wkh qxpehu ri wkh lwhudwlrqv wkdw lw lv dssolhg1
Wklv vkrxog fuhdwh qr frqixvlrq zlwk vxshulqglfhv xvhg wr lghqwli| gl￿huhqw sduwlfxodul}d0
wlrqv ri d fhuwdlq yhfwru0ydoxhg yduldeoh/ dv lq wkh gh￿qlwlrq ri wkh vhw ￿L lq +<,1
49Khuh/ wkh frqfhsw ri d orfdoo| vwdeoh f|foh lv wkh xvxdo rqh1 Lqirupdoo|/ lw phuho|
lqyroyhv wkh uhtxluhphqw wkdw/ iru hdfk vwdwh lq wkh f|foh/ wkhuh lv vrph vx!flhqwo| vpdoo
qhljkerukrrg ri lw vxfk wkdw doo wudmhfwrulhv ri wkh v|vwhp zklfk vwduw lq dq| rqh ri wkhvh
qhljkerukrrgv frqyhujh wr wkh f|foh1
4:Wkhruhp 4 Frqvlghu Vfhqdulr L/ dvvxph D14 dqg D15/ dqg ohw 4 9’ ￿*214:
;B 5 Efc￿￿ <7 b:f vxfk wkdw b ￿ 7 b , l
WE￿,￿ ￿ ￿ ￿ B￿
Surri1 Vhh wkh Dsshqgl{1
Dv h{sodlqhg deryh/ d vpdoo ydoxh iru b pd| eh ylhzhg dv d vlwxdwlrq zkhuh
dq| shuwxuedwlrq zklfk rffxuv lv yhu| olnho| wr eh ri txlwh vpdoo pdjqlwxgh1
Lq wklv oljkw/ Wkhruhp 4 pd| eh lqwhusuhwhg wr dvvhuw wkdw li
+d, wkh v|vwhp lv yhu| lqiuhtxhqwo| shuwxuehg +l1h1 0 lv lq￿qlwhvlpdo, dqg/
+e, zkhq d shuwxuedwlrq grhv rffxu/ lwv pdjqlwxgh lv vpdoo +dv jlyhq e| b,/
wkhq wkh orqj0uxq ehkdylru ri wkh v|vwhp lv odujho| frqfhqwudwhg durxqg wkh
vwdwh ￿, zkhuh hyhu| djhqw dw hdfk ohyho sod|v wkh h!flhqw vwudwhj| ￿￿ Wklv
uhvxow krogv jhqhulfdoo| lq wkh sdudphwhu 4> vshfl￿fdoo|/ iru doo hqylurqphqwv
zkhuh wkh vhohfwlrq udwh lv qrw h{dfwo| htxdo wr ￿*2￿
Dv vwdwhg e| wkh deryh uhvxow/ dq duelwudulo| vkdus vhohfwlrq rxwfrph +l1h1
d fkrlfh ri B forvh wr }hur, jhqhudoo| ghshqgv rq b ehlqj vx!flhqwo| vpdoo1
Wklv udlvhv wkh qdwxudo txhvwlrq ri zkhwkhu ohvv gudvwlf ghpdqgv rq b pd|
vwloo doorz iru vrph lqwhuhvwlqj +dowkrxjk qrw dv vkdus, frqfoxvlrqv1 Wklv lv
wkh sxusrvh ri wkh qh{w uhvxow/ zklfk uhsuhvhqwv d ixuwkhu looxvwudwlrq ri wkh










￿bE# m ￿￿_# +45,
dqg qrwh wkdw/ xqghu D15/ rqh kdv kb :q b li 4 9’ ￿*2￿ Ghqrwh o ￿ 2? ￿ ￿c
zkhuh uhfdoo wkdw ? n￿lv wkh qxpehu ri ohyhov frqvlghuhg lq wkh prgho1









Sursrvlwlrq 8 Frqvlghu Vfhqdulr L dqg dvvxph D161 Wkhq/ l
WE￿ ,￿ :l
WE>￿
iru doo > 5 t￿TTEl
W￿’ifc￿j?c > 9’ ￿,￿
Ri frxuvh/ li 4 9’ ￿*2c D14 dqg D15 lpso| D16 iru vpdoo hqrxjk b￿ Lq
wklv vhqvh/ wkh deryh vhohfwlrq uhvxow fryhuv d zlghu vfhqdulr wkdq wkdw ri
Wkhruhp 4/ dowkrxjk zlwk d zhdnhu frqfoxvlrq1 Rq wkh rwkhu kdqg/ lw lv
vwudljkwiruzdug wr vhh wkdw D15 dorqh lpsolhv D16 li ? ’ ￿ +l1h1 zkhq wkhuh
duh mxvw wzr ohyhov,/ surylghg 4 9’ ￿*21 Lq ylhz ri wklv odwwhu revhuydwlrq zh
kdyh=
4:Zkhq ￿ lv h{dfwo| htxdo wr 425/ xqltxh orqj0uxq vhohfwlrq qr orqjhu rewdlqv dqg doo
vwdwhv ehorqjlqj wr ￿ ￿L duh htxdoo| olnho| orqj0uxq vwdwhv1
4;Fruroodu| 5 Frqvlghu Vfhqdulr L/ ohw 4 9’ ￿*2c dqg dvvxph D15 dqg ? ’￿ 1
Wkhq/ l
WE￿,￿ :l
WE>￿ iru doo > 5 t￿TTEl
W￿’ifc￿j?c > 9’ ￿,￿
Wkh deryh uhvxowv lqglfdwh wkdw/ xqghu wkh frqglwlrqv vshfl￿hg iru Vfh0
qdulr L/ wkh h!flhqw vwdwh ￿, dulvhv dv wkh pruh suhydohqw frq￿jxudwlrq ri wkh
v|vwhp lq wkh orqj uxq +hlwkhu duelwudulo| vr li b lv fkrvhq vx!flhqwo| vpdoo/ ru
dw ohdvw uhodwlyh wr rwkhu vwdwhv li wkh frqglwlrqv ri Sursrvlwlrq 8 ru Fruroodu|
5 dsso|,1 Wkhvh frqfoxvlrqv/ zklfk krog xqlirupo| iru doo surprwlrq udwhv
4 5 Efc￿￿ vxfk wkdw 4 9’￿ *2c duh wr eh frqwudvwhg zlwk wkrvh rewdlqhg ehorz
zkhq wkh sd|r￿ frqglwlrqv duh wkrvh ri Vfhqdulr LL1 D frpelqhg glvfxvvlrq
ri erwk fdvhv dqg wkhlu xqghuo|lqj lqwxlwlrq zloo eh frqgxfwhg lq Vhfwlrq 71
615 Vfhqdulr LL= S:_
Dv iru Vfhqdulr L/ zh vwduw e| fkdudfwhul}lqj wkh orqj0uxq g|qdplfv lqgxfhg
e| wkh xqshuwxuehg surfhvv1 Lq wkh suhvhqw fdvh/ wkh ixqfwlrq sE￿￿ irupdol}lqj
surprwlrq g|qdplfv lv ri wkh iroorzlqj irup=
sE%￿’
;
A A A A A A A A A ?
A A A A A A A A A =
￿
























4 ￿ % ￿ ￿￿ +g*,
+46,
Dv lq +:,/ vrph ri wkh udqjhv +d*,0+g*, deryh pd| eh hpsw| ru qrw zhoo0
gh￿qhg/ lq zklfk fdvh wkhuh lv d fruuhvsrqglqj uhgxfwlrq lq wkh uhohydqw
fdvhv wkdw qhhg wr eh frqvlghuhg +h1j1 li 4 ￿
￿
ec udqjh +e*, glvdsshduv dqg
sE%￿’
￿
4%2 iru doo % ￿
s
4￿￿
L wxuq wr h{sodlqlqj wkh irupxodwlrqv vshfl￿hg lq +:, iru hdfk ri wkh irxu
udqjhv1 Udqjh +d*, dssolhv wr wkrvh ydoxhv ri % ￿ ￿*2 vxfk wkdw %E￿￿%￿ ￿ ￿￿4
dqg %2 ￿ 4￿ Zlwklq wklv udqjh iru %c wkh ￿ sod|huv zkr phhw ￿ sod|huv uhfhlyh
wkh orzhvw srvvleoh sd|r￿1 Wkhuhiruh/ rqo| wkrvh ￿ sod|huv zkr phhw sod|huv
ri wkh vdph w|sh +%2 ri wkhp, duh surprwhg1 Vfdolqj wklv pdjqlwxgh e| wkh
idfwru 4 dw zklfk wkh uhohydqw srsxodwlrq vl}h ghfuhdvhv dfurvv frqvhfxwlyh
ohyhov/ rqh lv ohg wr wkh h{suhvvlrq frqwhpsodwhg lq +d*,1
Qh{w/ Udqjh +e*, fruuhvsrqgv wr wkrvh % vxfk wkdw %E￿￿%￿ ￿ ￿￿4￿ Lq wklv
fdvh/ vrph ri wkh ￿ sod|huv zkr phhw ￿ sod|huv duh surprwhg ￿ vshfl￿fdoo|/
wkh iudfwlrq lv %E￿ ￿ %￿ ￿ E￿ ￿ 4￿1 Zkhq wklv iudfwlrq lv dgghg wr %2 +l1h1
4<wkrvh ￿ sod|huv phhwlqj wkhlu rzq w|sh,/ +e*, lv rewdlqhg diwhu qrupdol}lqj
wkh uhvxow e| wkh idfwru 41
Udqjh +f*, lv vlpso| wkh frxqwhusduw wr +d*, li %:￿*2 dqg %2 ￿ 4￿ Ilqdoo|/
Udqjh +g*, frqvlghuv wkrvh % vxfk wkdw %2 ￿ 4￿ Lq wklv fdvh/ qr ￿ sod|huv duh
surprwhg +rqo| ￿ sod|huv zkr phhw ￿ sod|huv pd| ulvh wr wkh xsshu ohyho,1
Wklv lpsolhv wkdw wkh iuhtxhqf| ri ￿ sod|huv lq wkh xsshu ohyho qh{w shulrg
pxvw eh ￿/ zklfk lv wkh frqwhqw ri +g*,1
Wkh dqdo|vlv xqghuwdnhq khuh lv txlwh sdudooho wr wkdw frqgxfwhg lq wkh
suhfhglqj vxevhfwlrq iru Vfhqdulr L1 Frqvhtxhqwo|/ wkh suhvhqwdwlrq wkdw iro0
orzv lv nhsw udwkhu whuvh1 Iluvw/ zh lghqwli| wkh ￿{hg srlqwv dv zhoo dv rwkhu
joredo surshuwlhv ri wkh ixqfwlrq sE￿￿c dv suhvhqwo| irupxodwhg lq +46,1
Sursrvlwlrq 9 Ohw wkh ixqfwlrq sE￿￿ eh gh￿qhg e| +46,1 Lwv vhw ri ￿{hg srlqwv
lv ifc￿c4j￿ Pruhryhu/ iru doo % 5 Efc￿￿c
sE%￿ :%/ %:4 ￿
Wkh suhfhglqj frqfoxvlrqv duh looxvwudwhg ehorz iru 4 ’ f￿2c f￿H￿







Iljxuh 6= sE￿￿ ￿ Vfhqdulr LL/ 4 ’ f￿2







Iljxuh 7= sE￿￿ ￿ Vfhqdulr LL/ 4 ’ f￿H
53Qh{w/ zh fkdudfwhul}h wkh orqj0uxq g|qdplfv ri wkh xqshuwxuehg surfhvv1
Wr wklv hqg/ ghqrwh=
\UU ’
￿
E>￿c>2c￿￿￿c> ?￿ 5 l? G >￿n￿ ’ 8E>￿￿c ;￿ ’ ￿c2c￿￿￿c?￿ ￿c
>￿ ’ 8E>?￿c >￿ 5 ifc￿c4j?
￿
zkhuh/ lq frqwudvw zlwk +<,/ qrwh wkdw wkh lqwhulru ydoxh iru >& dsshdulqj
khuh lv dozd|v 4c hyhq zkhq lw h{fhhgv ￿*2￿ Wklv ghulyhv iurp wkh idfw wkdw/
dv hvwdeolvkhg e| Sursrvlwlrq 9/ % ’ 4 lv qrz wkh xqltxh lqwhulru }hur ri wkh
ixqfwlrq sE￿￿ lq hyhu| fdvh￿
E| frqvwuxfwlrq/ wkh ?0f|fohv lq \UU duh olplw f|fohv1 Wkh uhflsurfdo
frqfoxvlrq lv hvwdeolvkhg e| wkh iroorzlqj uhvxow1
Sursrvlwlrq : Dvvxph wkh sd|r￿ frqglwlrqv ri Vfhqdulr LL1 Wkhq/ jlyhq





d>Eo?n￿ ￿ c>Eo?n2 ￿ c￿￿￿c>Eo?n ?￿o 5 \UU￿
Surri1 Vhh wkh Dsshqgl{1
Dv wkh frxqwhusduw ri +43,/ qrz ghqrwh=
￿ \UU ’
￿
E>￿c>2c￿￿￿c> ?￿ 5 l? G >￿n￿ ’ 8E>￿￿c ;￿ ’ ￿c2c￿￿￿c?￿ ￿c
>￿ ’ 8E>?￿c >￿ 5 ifc￿j?
￿
Fruroodu| 6 Dvvxph wkh sd|r￿ frqglwlrqv ri Vfhqdulr LL1 Wkhq/ wkh vhw ri
?0f|fohv zklfk duh orfdoo| vwdeoh iru wkh g|qdplfv lqgxfhg e| 8E￿￿ lv jlyhq e|
wkh vhw ￿ \UU1
Wkh suhfhglqj uhvxowv shuplw d ixoo fkdudfwhul}dwlrq ri wkh +urexvw, olplw
vhwv ri wkh xqshuwxuehg g|qdplfv lq wkh suhvhqw vfhqdulr1 Rqfh wkh vwrfkdvwlf
shuwxuedwlrq lv lqwurgxfhg/ wkh deryh pxowlsolflw| gudvwlfdoo| vkulqnv djdlq/
dv hvwdeolvkhg e| wkh iroorzlqj Wkhruhp1 Ohw R ￿ Efcfc￿￿￿cf￿ ghqrwh wkh
vwdwh zkhuh hyhu| sod|hu dw hdfk ohyho dgrswv wkh lqh!flhqw vwudwhj| ￿￿
Wkhruhp 5 Frqvlghu Vfhqdulr LL14;
+d, Dvvxph 4 ￿ ￿*2￿ Wkhq/ ;B 5 Efc￿￿ <7 b:f v1 w1 b ￿ 7 b , l
WE￿,￿ ￿ ￿ ￿ B(
+e, Dvvxph 4:￿*2￿ Wkhq/ ;B 5 Efc￿￿ <7 b:f v1 w1 b ￿ 7 b , l
WER￿ ￿ ￿ ￿ B￿
4;Wkh frxqwhusduw ri Irrwqrwh 4: dssolhv khuh dv zhoo1
54Surri1 Vhh wkh Dsshqgl{1
Wkh suhfhglqj uhvxow srlqwv wr d vkdus h￿hfw ri wkh vhohfwlrq udwh 4 rq wkh
orqj0uxq ehkdylru ri wkh v|vwhp1 Li surprwlrq lv vx!flhqwo| vhohfwlyh +l1h1
4 ￿ ￿*2￿c wkhq rqo| wkh h!flhqw vwudwhj| ￿ lv sod|hg d vljql￿fdqw iudfwlrq
ri wlph lq wkh orqj uxq xqghu vpdoo qrlvh1 Rwkhuzlvh +l1h1 4:￿*2￿c lw lv
lqvwhdg wkh lqh!flhqw vwudwhj| ￿ zklfk grplqdwhv wkh orqj0uxq ehkdylru ri
wkh srsxodwlrq1
Dv iru Vfhqdulr L/ li rqh lv frqwhqw zlwk d gh￿qlwh/ exw ohvv h{wuhph ful0
whulrq/ ri orqj0uxq suhgrplqdqfh +l1h1 wkh uhtxluhphqw ri phuho| ehlqj wkh
uhodwlyho| prvw olnho| vwdwh,/ lw lv srvvleoh wr ￿qg vshfl￿f xsshu erxqgv rq b








￿bE# m ￿￿_# +48,
dqg qrwh wkdw/ li 4 9’ ￿*2 dqg D15 krogv/
E￿ kb ￿ ￿ qb￿E￿*2 ￿ 4￿ : f￿ +49,
Uhfdoolqj wkdw o ￿ 2? ￿￿c zh frqvlghu wkh iroorzlqj wzr dowhuqdwlyh dvvxps0
wlrqv=







￿ qb : ￿￿







￿ kb : ￿￿
Qrwh wkdw li 4￿￿*2 +uhvs1 4:￿*2￿c wkhq D16￿ +uhvs1 D16￿￿￿ pxvw krog
iru vpdoo hqrxjk b￿ Wkxv/ lq wklv vhqvh/ hdfk ri wkhvh dvvxpswlrqv fryhuv
vfhqdulrv wkdw duh zlghu wkdq wkrvh frqwhpsodwhg lq +d, dqg +e, ri Wkhruhp
5/ uhvshfwlyho|1
Sursrvlwlrq ; Frqvlghu Vfhqdulr LL1
+d, Li D16￿ krogv/ l
WE￿,￿ :l
WE>￿ iru doo > 5 t￿TTEl
W￿’ifc￿j?c > 9’ ￿,￿
+e, Li D16￿￿ krogv/ l
WER￿ : l
WE>￿ iru doo > 5 t￿TTEl
W￿’ifc￿j?c > 9’ ￿,￿
Fruroodu| 7 Frqvlghu Vfhqdulr LL/ dqg dvvxph D15 dqg ? ’ ￿1
+d, Li 4￿￿*2cl
WE￿,￿ : l
WE>￿c iru doo > 5 t￿TTEl
W￿’ifc￿j?c > 9’ ￿,￿
+e, Li 4:￿*2cl
WER￿ : l
WE>￿c iru doo > 5 t￿TTEl
W￿’ifc￿j?c > 9’ ￿,￿
Wkh frqfoxvlrqv hvwdeolvkhg e| wkh deryh uhvxowv vwdqg lq pdunhg frqwudvw
zlwk wkrvh ghulyhg iru Vfhqdulr L deryh +fi1 Wkhruhp 4/ Sursrvlwlrq 8 dqg
Fruroodu| 5,1 Lq wkh qh{w Vhfwlrq/ L ixuwkhu hoderudwh rq wkhvh gl￿huhqfhv dqg
glvfxvv wkhlu xqghuo|lqj lqwxlwlrq1
557 Glvfxvvlrq dqg H{whqvlrqv
Dv h{sodlqhg/ wkh rqo| glvwlqfwlrq ehwzhhq Vfhqdulrv L dqg LL lv edvhg rq dq
ruglqdo frpsdulvrq ri wkh r￿0htxloleulxp sd|r￿v ri wkh jdph/ S dqg _14<
Iluvw/ wkh lqhtxdolw| _:Sfrqwhpsodwhg e| Vfhqdulr L lpsolhv wkdw/ lq dq|
dv|pphwulf hqfrxqwhu +l1h1 rqh zkhuh wkh djhqwv lqyroyhg glvsod| d gl￿huhqw
vwudwhj|,/ wkh djhqw zkr dgrswv wkh h!flhqw vwudwhj| shuirupv ehwwhu wkdq
khu rssrqhqw1 Vxfk sd|r￿ dgydqwdjh +zklfk ehqh￿wv wkh ￿ djhqw rqo| lq
uhodwlyh whupv, uhsuhvhqwv wkh hvvhqwldo gulylqj irufh ri Vfhqdulr L1 Lwv h￿hfw lv
wkdw/ diwhu hyhu| ￿xqfrruglqdwhg￿ elodwhudo hqfrxqwhu/ wkh ￿ sod|hu lv dozd|v
surprwhg li wkh ￿ sod|hu lv1 Wklv idfw ehfrphv lqvwuxphqwdo lq euhdnlqj
wkh v|pphwu| ehwzhhq wkh rqo| wzr frq￿jxudwlrqv E% ’f c￿￿ wkdw pd| eh
￿urexvwo|￿ vxvwdlqhg ryhu wlph e| frqfdwhqdwhg jhqhudwlrqv1
Vfhqdulr LL frqwhpsodwhv wkh rssrvlwh lqhtxdolw| S:_ ￿Lq wklv fdvh/ wkh
￿ sod|hu shuirupv uhodwlyh ehwwhu wkdq wkh ￿ sod|hu lq hyhu| dv|pphwulf
hqfrxqwhu1 Dv d v|pphwulf frxqwhusduw ri wkh h￿hfw ghvfulehg deryh/ wklv
qrz kdv wkh h￿hfw ri lqwurgxflqj d zhgjh lq idyru ri vwudwhj| ￿c rewdlqhg
dw hyhu| xqfrruglqdwhg hqfrxqwhu1 Krzhyhu/ vlqfh wklv vwudwhj| vwloo kdv wkh
kdqglfds ri hqmr|lqj d orzhu sd|r￿ dw ￿htxloleulxp￿ vlwxdwlrqv +l1h1 K￿@ ,/
vxfk srvlwlyh eldv rqo| wxuqv rxw wr eh ixoo| h￿hfwlyh lq wkh orqj uxq zkhq wkh
vhohfwlrq udwh suhydlolqj lq vrflhw| lv qrw wrr kljk E4:￿*2￿￿ Rwkhuzlvh +l1h1
zkhq rqo| ohvv wkdq kdoi duh surprwhg dw hdfk ohyho,/ wkh idfw wkdw vwudwhj| ￿
kdv wkh srwhqwldo ri dwwdlqlqj wkh kljkhvw srvvleoh sd|r￿ ehfrphv wkh ghflvlyh
idfwru lq kdylqj wkh surfhvv vhohfw wklv vwudwhj| lq wkh orqj uxq1
Wr ixuwkhu judvs wkh lpsolfdwlrqv ghulyhg iurp Vfhqdulr LL/ lw pd| eh
xvhixo wr uhvruw wr d sdudgljpdwlf dssolfdwlrq ri lw= wkh ￿qlwho|0uhshdwhg
Sulvrqhu*v Glohppd +SG,/ lq d fhuwdlq uhvwulfwhg yhuvlrq153 Vxssrvh wkdw
hyhu| sdlu ri sod|huv pdwfkhg dw hdfk ohyho sod| d orqj +exw ￿qlwh, uhshdwhg
SG/ dfwlrq ￿ ehlqj lghqwl￿hg zlwk wkh vwdqgdug Wlw0Iru0Wdw vwudwhj| dqg ￿
zlwk frqwlqxrxv ghihfwlrq1 Wkhq/ wkh sd|r￿ frqglwlrqv ri Vfhqdulr LL duh phw/
zklfk ohdgv wr wkh frqfoxvlrq wkdw frrshudwlyh ehkdylru zloo grplqdwh lq wkh
orqj uxq rqo| li wkh phfkdqlvp ri vrfldo surprwlrq lv vx!flhqwo| vhohfwlyh1
Frqwudvwlqj wkh frqfoxvlrqv ghulyhg lq erwk vfhqdulrv zlwk wkrvh rewdlqhg
4<Lq wklv uhvshfw/ lw lv lqwhuhvwlqj wr revhuyh wkdw wkhuh duh qr vshfl￿f frqglwlrqv +eh0
|rqg wkrvh gh￿qlqj hdfk htxloleulxp, zklfk frqfhuq krz r￿0 dqg rq0htxloleulxp sd|r￿v
frpsduh1 Lq Vfhqdulr L/ wkh lqhtxdolw| gAfdqg wkh htxloleulxp frqglwlrqv xqdpeljx0
rxvo| ghwhuplqh wkh iroorzlqj frpsohwh udqnlqj lq sd|r￿v= dAeAgAf =Krzhyhu/ lq
Vfhqdulr LL/ wkh dqdo|vlv lv frqvlvwhqw zlwk dq| frpsdulvrq ri f dqg e= Lq wkh odqjxdjh
ri Dxpdqq +4<<6,/ wklv frpsdulvrq shuwdlqv wr zkhwkhu wkh h!flhqw htxloleulxp lv vhoi0
hqiruflqj +eAf , ru qrw +e?f ,=
53L rzh wklv looxvwudwlrq wr Mrh Kduulqjwrq1
56e| h{lvwlqj hyroxwlrqdu| olwhudwxuh/ wkh iroorzlqj wzr pdlq gl￿huhqfhv dulvh=
41 Hyhq wkrxjk d gh￿qlwh fulwhulrq iru orqj0uxq vhohfwlrq rewdlqv/54 wkh
qdwxuh ri lw pd| fuxfldoo| ghshqg rq ￿lqvwlwxwlrqdo￿ dvshfwv ri wkh
hqylurqphqw1 Dv rqh zrxog h{shfw/ wkh vhohfwlrq ri h!flhqw ehkdylru
lv idyruhg e| vwulqjhqw vhohfwlrq frqglwlrqv suhydlolqj lq wkh surprwlrq
phfkdqlvp ri vrflhw|1
51 Wkh frqglwlrqv rq sd|r￿v zklfk ghwhuplqh wkh ydulrxv srvvlelolwlhv duh
erwk ri dq ruglqdo qdwxuh dqg txdolwdwlyho| gl￿huhqw iurp wkh xvxdo
ulvn0grplqdqfh frqvlghudwlrqv vr suhydohqw lq uhfhlyhg hyroxwlrqdu| olw0
hudwxuh1 Lq sduwlfxodu/ rqh kdv=
+d, H!flhqw ehkdylru lv dozd|v vhohfwhg/ hyhq zkhq ulvn0grplqdwhg
+@ n _￿Sn K,/ li surprwlrq lv vx!flhqwo| vhohfwlyh +4￿￿*2￿￿
+e, Lqh!flhqw ehkdylru pd| dovr eh vhohfwhg lq wkh orqj uxq ghvslwh
ehlqj ulvn grplqdwhg +@ n _:Sn K,/ surylghg wkdw lw iduhv uhod0
wlyho| ehwwhu lq dv|pphwulf hqfrxqwhuv E_￿S ￿ dqg surprwlrq lq
vrflhw| lv qrw wrr vhohfwlyh +4:￿*2￿￿
Iru wkh vdnh ri irfxv/ wkh wkhruhwlfdo iudphzrun srvwxodwhg khuh lv txlwh
vw|ol}hg lq d qxpehu ri gl￿huhqw glphqvlrqv1 Wr frqfoxgh/ ohw ph eulh |
glvfxvv vrph srvvleoh yduldwlrqv dqg h{whqvlrqv ri lw zklfk zrxog hqulfk vlj0
ql￿fdqwo| wkh dqdo|vlv1
Frqfhuqlqj wkh prgho*v lqvwlwxwlrqdo ihdwxuhv/ erwk lwv surprwlrq dqg wkh
vrfldol}dwlrq frpsrqhqwv vkrxog eh surylghg zlwk d pruh  h{leoh dqg uhdolvwlf
irupxodwlrq1 Iru h{dpsoh/ lw zrxog eh qdwxudo wr doorz iru wkh rswlrq wkdw
djhqwv zkr duh qrw surprwhg dw vrph jlyhq shulrg pd| qhyhuwkhohvv uhpdlq
holjleoh iru surprwlrq dw d odwhu wlph1 Rq wkh rwkhu kdqg/ lw zrxog dovr eh
lqwhuhvwlqj wr dffrpprgdwh iru wkh srvvlelolw| wkdw djhqwv zkr zhuh surprwhg
hduolhu lq wkhlu olih frxog eh ￿ghprwhg￿ odwhu rq li wkhlu shuirupdqfh zhuh wr
idoo ehorz d fhuwdlq ohyho1
Dq dowhuqdwlyh urxwh ri jhqhudol}dwlrq shuwdlqv wr wkh vrfldol}dwlrq frp0
srqhqw ri wkh prgho1 Lq wkh iudphzrun sursrvhg/ lplwdwlrq e| qhzfrphuv lv
h{foxvlyho| irfxvhg rq wkh xsshuprvw ohyho ri vrflhw|1 Pruhryhu/ rqfh wkrvh
qhzfrphuv kdyh dgrswhg wkhlu ghflvlrq/ lw lv dvvxphg wr uhpdlq ￿{hg iru
54Khuh/ L devwudfw iurp wkh frqvlghudwlrqv shuwdlqlqj wr wkh ghjuhh ri vkdusqhvv zlwk
zklfk wkh sduwlfxodu vhohfwlrq fulwhulrq rshudwhv/ wdloruhg wr zkdw lv wkh dssurdfk sxuvxhg
rq olplwlqj wkh pdjqlwxgh ri shuwxuedwlrq +l1h1 zkhwkhu zh frqvlghu d ￿vx!flhqwo| vpdoo￿
￿ dv lq Wkhruhpv 4 dqg 5/ ru uho| vlpso| rq D16/ D163> ru D1633 dv lq Sursrvlwlrqv 8 dqg
;,1
57wkh uhvw ri wkhlu olih1 Rq erwk ri wkhvh uhvshfwv/ lw zrxog eh lqwhuhvwlqj wr
frqwhpsodwh d ohvv uljlg irupxodwlrq1 Iluvw/ rqh zrxog olnh wr doorz iru wkh
srvvlelolw| wkdw lqwhuphgldwh ohyhov ri vrflhw| pljkw dovr kdyh vrph srwhqwldo
iru vrfldol}lqj +l1h1 lq xhqflqj, rwkhuv dw orzhu ohyhov1 Vhfrqg/ wkh delolw| ri
ehlqj vrfldol}hg +ru lq xhqfhg, vkrxog qrw eh wdnhq wr ydqlvk deuxswo| rqfh
djhqwv kdyh orvw wkhlu qhzfrphu vwdwxv1
Ilqdoo|/ rwkhu qdwxudo h{whqvlrqv ri wkh prgho frqfhuq lwv sd|r￿ dqg lqwhu0
dfwlrq vwuxfwxuh1 D ￿uvw srvvlelolw| lq wklv uhvshfw zrxog lqyroyh wkh frqvlghu0
dwlrq ri vlpsoh exw dv|pphwulf jdphv sod|hg e| djhqwv ehorqjlqj wr glvwlqfw
srsxodwlrqv1 Dq dowhuqdwlyh dssurdfk zrxog eh wr frqvlghu v|pphwulf jdphv
+h1j1 wkh idploldu Kdzn0Gryh jdph, zkhuh wkh sxuh0vwudwhj| frruglqdwlrq lv
dwwdlqhg yld dv|pphwulf sur￿ohv1 Dv h{sodlqhg deryh +fi1 Irrwqrwh 7,/ wkh
odwwhu lv rqh ri wkh pdlq wdvnv dgguhvvhg lq d frpsdqlrq sdshu1
Dsshqgl{
Surri ri Sursrvlwlrq 51 Dv dgydqfhg/ erwk ri wkh frqfoxvlrqv frq0
wdlqhg lq wkh Sursrvlwlrq iroorz iurp d jhqhudo uhvxow rq shuwxuehg vwrfkdvwlf
surfhvvhv ghyhorshg e| Ndudqglndu hw do1 +4<<9,1 Iru wkh vdnh ri frpsohwh0
qhvv/ zh qh{w suhvhqw d irupdo vwdwhphqw dqg surri ri wklv uhvxow1
Ohw . eh d frpsdfw vwdwh vsdfh dqg ghqrwh e| {E.￿ lwv Eruho suredelolw|
phdvxuhv1 Jlyhq dq| vhw ri wudqvlwlrq suredelolwlhv M ￿ iME￿m+￿j+M. dqg
vrph suredelolw| phdvxuh D 5 {E.￿c gh￿qh wkh frpsrvlwlrq D ￿M dv iroorzv=




Vlploduo|/ dq| wzr wudqvlwlrq suredelolwlhv M dqg C lqgxfh d wklug rqh CM ￿
C￿ M dv iroorzv=
CME￿ m +￿’CE￿m+￿ ￿ M￿




zlwk wkh lqwhusuhwdwlrq wkdw/ iru doo + 5 .c MfE￿ m +￿’B+ c l1h1 wkh ghjhqhudwh
suredelolw| phdvxuh frqfhqwudwhg rq +￿
Qrz/ jlyhq dq| 0:f dqg wkuhh wudqvlwlrqv Cc ￿ Cc dqg Mc frqvlghu wkh
shuwxuehg wudqvlwlrq M0 gh￿qhg/ iru hdfk + 5 ./d vi r o o r z v =
M0E￿ m +￿’E ￿￿ ￿E0￿￿ME￿m+￿n￿E0￿C0E￿m+￿
C0E￿m+￿’E ￿￿ )E0￿￿CE￿m+￿n)E0￿ ￿ CE￿m+￿c
zkhuh ￿E0￿ $ fc) E0￿ $ fc f ￿￿ E0￿ ￿ ￿c f ￿ )E0￿ ￿ ￿c dv 0 $ f￿
Wkh phqwlrqhg uhvxow uhdgv dv iroorzv=
58Wkhruhp D +Ndudqglndu hw do1 +4<<9,, Frqvlghu CcMc dqg M0 dv deryh
dqg dvvxph wkdw=




o’f MoE￿ m +￿j"
6’f frqyhujhv
zhdno| wr vrph suredelolw| phdvxuh ‘E￿ m +￿ 5 {E.￿(
+e, C kdv wkh vwurqj Ihoohu surshuw|/ l1h1 iru dq| uhdo ydoxhg ixqfwlrq
s rq .c CsE+￿ ￿
U
. CE_5 m +￿sE5￿ lv d frqwlqxrxv ixqfwlrq ri + iru
doo erxqghg phdvxudeoh s rq .(
+f, C lv rshq0vhw luuhgxfleoh/ l1h1 iru doo rshq vhwv L ￿ . dqg hyhu|
+ 5 ./
S"
o’f CoE+cL￿ : f( dqg
+g, C‘ kdv d xqltxh lqyduldqw phdvxuh DW 5 {El￿￿
Wkhq/ iru doo 0 : fcM 0 kdv d xqltxh lqyduldqw phdvxuh D0 zklfk frq0
yhujhv zhdno| wr DW dv 0 $ f￿
Surri1 Jlyhq dq| 0:fc surshuwlhv +e, dqg +f, lpso| wkdw M0 lv d W0fkdlq1
Dsso|lqj Wkhruhp 491518 lq Ph|q dqg Wzhhglh +4<<6,/ M0 lv xqlirupo| hu0
jrglf dqg kdv d xqltxh lqyduldqw phdvxuh D0￿ Wkhq/
D0 ￿ dE￿ ￿ ￿E0￿￿M n ￿E0￿C0o’D0
ru
￿E0￿D0 ￿ C0 ’ D0 ￿E￿ ￿ ￿E0￿￿D0 ￿ M￿
Jlyhq dq| frqwlqxrxv +erxqghg, ixqfwlrq sc dsso| wkh deryh suredelolw|
phdvxuhv wr Mos dv iroorzv=
￿E0￿D0 ￿ C0 M
os ’ D0 ￿ M
os ￿E￿ ￿ ￿E0￿￿D0 ￿ MM
os Eo ’f c￿￿￿c6￿￿
Pxowlso|lqj hyhu| rqh ri wkh deryh uhvshfwlyh h{suhvvlrqv e| E￿￿￿E0￿￿o dqg






ojs ’ D0s ￿E￿ ￿ ￿E0￿￿
6n￿ D0M
6n￿s￿
Vlqfh t￿T+ mD0Mon￿sE+￿m ￿ t￿T+ msE+￿mc wdnlqj 6 $ 4 lq wkh suhylrxv h{0
suhvvlrq ohdgv wr=






















D0C0)0 ’E ￿￿ ￿E0￿￿D0C) 0 n ￿E0￿D0 ￿ C) 0￿
Vlqfh m)0E+￿m ￿ t￿T+￿ msE+￿m ￿ ￿c
￿
￿
￿D0 ￿ C) 0
￿
￿
￿ ￿ ￿1 Wkxv/ jlyhq wkdw C lv





dv 0 $ f￿ Khqfh/ li i0?j $ f dqg D0? $ ￿ D lq wkh wrsrorj| ri zhdn frqyhu0
jhqfh/ wkhq
D0?C)0? $ ￿ DC‘s￿
Lq ylhz ri +4:,/ wklv lpsolhv=
￿ Ds ’￿ DC‘s￿
E| +g,/ lw iroorzv wkdw ￿ D ’ DW/ dv ghvluhg1
Qrz/ zlwk wkh sxusrvh ri dsso|lqj Wkhruhp D wr rxu frqwh{w/ lghqwli|
. ’ l dqg pdnh ME￿ m >￿’B8E>￿ iru hdfk > 5 l zkhuh/ dv ehiruh/ B8E>￿
vwdqgv iru wkh phdvxuh ixoo| frqfhqwudwhg lq 8E>￿1 Wkhq/ zh kdyh ‘E￿ m
>￿’-E￿m>￿ iru hdfk >/ zkhuh wkh odwwhu lv gh￿qhg dv wkh zhdn olplw ri
+9,1 Ixuwkhupruh/ pdnh C ’ ’ dqg ￿ C ’ ￿ ’ zkhuh ￿ ’ vwdqgv iru wkh Pdunry
surfhvv hperg|lqj wkh wudqvlwlrqv zklfk fdq eh dfklhyhg lq wkh prgho uho|lqj
rq dw ohdvw wzr vlpxowdqhrxv shuwxuedwlrqv dw gl￿huhqw ohyhov1
Qh{w gh￿qh




￿ ￿E￿ ￿ 0￿? ￿
Rq wkh edvlv ri wkhvh vshfl￿fdwlrqv/ wkh shuwxuehg surfhvv ￿0 pd| eh irupx0
odwhg dv iroorzv=
￿0E￿ m >￿’E ￿￿ ￿E0￿￿B8E>￿ n ￿E0￿’0E￿ m >￿
’0E￿m>￿’E ￿￿ )E0￿￿’E￿m>￿n)E0￿ ￿ ’E￿m>￿
5:zklfk ￿qdoo| shuplwv lghqwli|lqj ￿0 zlwk wkh surfhvv M0 frqwhpsodwhg lq
Wkhruhp D1
Frqglwlrqv +e, dqg +f, ri wklv wkhruhp duh vdwlv￿hg1 Frqfhuqlqj +d,/
wklv lv hvwdeolvkhg ehorz e| Sursrvlwlrqv 7 dqg :/ iru Vfhqdulrv L dqg LL
uhvshfwlyho|1 Wkxv/ lq rughu wr dsso| Wkhruhp D/ lw rqo| uhpdlqv wr vkrz
wkdw lwv frqglwlrq +g, dssolhv1
Wr wklv h￿hfw/ lw lv hqrxjk wr frq￿up wkdw wkhuh lv vrph jlyhq vwdwh ￿ >
vxfk wkdw/ iurp hyhu| rwkhu vwdwh > 5 lc E’-￿6E￿ > m >￿ : f iru vrph ￿qlwh 6￿
Iru frqfuhwhqhvv/ zh fkrrvh ￿ > ’￿ , ’ E￿c￿c￿￿￿c￿￿ dqg uhvwulfw wkh glvfxvvlrq
wr Vfhqdulr L1 Wkh dujxphqw iru Vfhqdulr LL lv ixoo| dqdorjrxv1
Fkrrvh dq| > 5 lc > 9’￿ ,c dqg ghqrwh e| ￿E>￿ ￿?wkh qxpehu ri
frpsrqhqwv lq > htxdo wr ￿￿ Ohw
￿E>￿ ￿ 4@ i￿E>
￿￿G>
￿ 5 t￿TTd’-E￿ m >￿oj￿ +4;,
Li ￿E>￿’?c zh duh grqh1 Wkxv/ vxssrvh ￿E>￿’o￿? 1 E| Sursrvlwlrq 7/
wkhuh pxvw eh vrph >￿ 5 t￿TTd’-E￿ m >￿o vxfk wkdw ￿E>￿￿ ’ o dqg >￿
? 5
ifc1j￿ Vxssrvh/ iru frqfuhwhqhvv/ wkdw >￿
? ’ f￿
Ghqrwh e| ￿ >






?￿ wkh vwdwh rewdlqhg iurp >￿ diwhu d shuwxu0
edwlrq ri pdjqlwxgh # kdv lpslqjhg rq wkh vrfldol}dwlrq g|qdplfv dqg wkhuh
kdv ehhq rqh lwhudwlrq ri wkh surprwlrq g|qdplfv +l1h1/ dq lwhudwlrq ri wkh








& ’ sE￿ >
￿
&3￿￿ E& ’2 c￿￿￿c?￿￿
Phuh lqvshfwlrq ri +:, lqglfdwhv wkdw=
% ￿
s
4 , sE%￿’￿ ￿
Ixuwkhupruh/ uhfdoo wkdw Sursrvlwlrq 6 hvwdeolvkhv wkdw sE1￿’1￿ Khqfh/
wkhuh lv suredelolw| qr vpdoohu wkdq
U ￿
I
4 ￿bE#￿_# : f wkdw ￿E￿ >
￿￿ ’ o n￿ 1
Wkhuhiruh/55
>
2 5 t￿TTd-E￿ m ￿ >
￿￿o , ￿E>
2￿’o n￿ ￿
Lq dqdorj| zlwk wkh qrwdwlrqdo frqyhqwlrq xvhg lq +4;,/ wklv phdqv wkdw
￿
2E>￿ ￿ 4@ i￿E>
￿￿G>
￿ 5 t￿TTdE’-￿
2E￿ m >￿oj ’ o n￿ ￿
Fohduo|/ wklv olqh ri dujxphqw pd| surfhhg xqwlo ￿?E>￿’?c zklfk wkhq
frpsohwhv wkh surri ri Sursrvlwlrq 51
55Sursrvlwlrq 7 lpsolhv wkdw/ jlyhq dq| ￿ 5 ￿ dqg hyhu| ￿3> ￿33 5 vxss^TU+￿m￿,‘> rqh
kdv "+￿3,@"+￿33,=
5;Surri ri Sursrvlwlrq 61 Iluvw/ zh revhuyh wkdw wkhuh pxvw h{lvw dw
ohdvw rqh lqwhulru ￿{hg srlqw vlqfh sE￿￿ lv frqwlqxrxv dqg/ iurp +d, dqg +i,
lq +:,/ lw iroorzv wkdw wkhuh duh vrph %￿ ￿% ￿￿ vxfk wkdw sE%￿￿ ￿% ￿ dqg
sE%￿￿￿ :% ￿￿￿ Wkxv/ doo frqfoxvlrqv ri wkh Sursrvlwlrq duh hvwdeolvkhg li lw lv
vkrzq wkdw wkhuh lv dw prvw rqh lqwhulru ￿{hg srlqw ri sE￿￿￿
Wr wklv h￿hfw/ lw lv xvhixo wr frqvlghu wzr fdvhv1 Iluvw/ zkhq 4 ￿ ￿
2c udqjhv
+e,0+g, froodsvh dqg sE%￿’
￿
4%2 iru doo % ￿
s
4￿ Wkh xqltxh lqwhulru ￿{hg
srlqw lv wkhq %W ’ 4E’ 1￿c vlqfh sE%￿’￿iru % ￿
s
4￿
Frqvlghu qrz wkh frpsohphqwdu| fdvh 4:
￿
2￿ Wkhq/ % ’ 4 grhv qrw
ehorqj wr hlwkhu udqjh +d, ru +h,/ zkhuh sE%￿’
￿
4%2￿ Wkxv dq| lqwhulru ￿{hg
srlqw ri sE￿￿ pxvw eh vrxjkw lq udqjhv +e,0+h,1 Reylrxvo|/ wkh olqhdu ixqfwlrq
dssolfdeoh lq +f, fdq eh uxohg rxw1 Wkhuhiruh/ zh duh ohiw zlwk udqjhv +e,
dqg +g,/ zkhuh sE%￿’
￿





2 n 4 ￿ ￿￿ ’ %
lv %W ’ ￿ ￿ 4c zklfk frpsohwhv wkh surri1
Surri ri Sursrvlwlrq 71 Wr idflolwdwh pdwwhuv/ lw lv frqyhqlhqw wr
uhirupxodwh wkh g|qdplf v|vwhp lqgxfhg e| 8E￿￿ ￿ fi1 +4, dqg +5, ￿ dv
iroorzv1 Ohw d￿o? vwdqg iru wkh ￿prgxor ?￿ rshudwru1 Jlyhq dq| ohyho & ’
￿c2c￿￿￿c? dqg dq| | 5 Qc gh￿qh ￿E&c|￿ dv wkh +xqltxh, lqgh{ ￿ ’ ￿c2c￿￿￿c?
vxfk wkdw d￿ n |o? ’d &o? ￿ Uho|lqj rq wklv qrwdwlrqdo frqyhqwlrq/ wkh vwdwh
sdwkv i>E|￿j
"
|’f lqgxfhg e| wkh xqshuwxuehg g|qdplfdo v|vwhp duh riw k h
iroorzlqj irup=
>&E|￿’s
|E>￿E&c|￿Ef￿￿ E& ’￿ c2c￿￿￿c?( | ’￿ c2c￿￿￿￿ +4<,
Vxssrvh ￿uvw wkdw >&Ef￿ 5 ifc￿c1j iru hdfk & ’￿ c2c￿￿￿c?￿ Wkhq/ e| Sursr0
vlwlrq 6/ lw iroorzv wkdw d>Ef￿c>E￿￿c￿￿￿c>E? ￿ ￿￿o lv dq ?0f|foh lq \U￿
Vxssrvh lqvwhdg wkdw >&Ef￿ * 5 ifc￿c1j iru vrph &￿ Wkhq/ sduwlwlrq wkh
gl￿huhqw ohyhov & ’ ￿c2c￿￿￿c? lqwr wkuhh vhwv=
￿ ’ i& G >&Ef￿ :1 j
￿ ’ i& G >&Ef￿ ￿1 j
￿ ’ i& G >&Ef￿ ’ 1j￿
Fkrrvh dq| duelwudu| # : f￿ Lq ylhz ri +;, dqg +4<,/ wkhuh h{lvwv vrph odujh





￿ ￿ ￿ # li ￿E&c|￿ 5 ￿
￿ # li ￿E&c|￿ 5 ￿
’ 1 li ￿E&c|￿ 5 ￿￿








’ ￿ li ￿E&c|￿ 5 ￿
’f li ￿E&c|￿ 5 ￿
’ 1 li ￿E&c|￿ 5 ￿￿




d>Eo?n￿ ￿ c>Eo?n2 ￿ c￿￿￿c>Eo?n ?￿o ’ E￿ >
￿c￿ >
2c￿￿￿c￿ >




& ’ 8E￿ >
^3￿
& ￿ E^ ’ 2c￿￿￿c?￿c
dqg ￿ >
￿
& ’ ￿cfc1 li/ uhvshfwlyho|/ ￿E&c|￿ 5 ￿c￿c￿1 Wklv frpsohwhv wkh surri
ri wkh Sursrvlwlrq1
Surri ri Wkhruhp 41 E| Sursrvlwlrq 5/ wkh glvwulexwlrq l
W lv wkh
xqltxh lqyduldqw phdvxuh ri wkh Pdunry surfhvv zlwk wudqvlwlrq ’-E￿ m >￿￿
E| Sursrvlwlrq 7/ wklv surfhvv fdq eh frqfhlyhg dv Pdunry fkdlq rq wkh ￿qlwh
vwdwh vsdfh K ￿ ifc￿c1j? ￿ l￿
Khqfh/ wr fkdudfwhul}h l
W iru dq| jlyhq b:f zh pd| uho| rq wkh judsk0
wkhruhwlf phwkrgv ghyhorshg e| Iuhlgolq ) Zhqw}ho +4<;7, dqg iuhtxhqwo|
xvhg e| uhfhqw Hyroxwlrqdu| Wkhru|1 Sduwlfxodul}hg wr rxu iudphzrun/ wkh|
lqyroyh wkh iroorzlqj nh| frqfhsw1
Gh￿qlwlrq Ohw > 5 K￿ D >0wuhh t lv d gluhfwhg judsk rq K +l1h1 d vxevhw ri
K ￿ K￿ vxfk wkdw hyhu| vwdwh >￿ 5 Kqi>j lv wkh lqlwldo srlqw ri h{dfwo|
rqh ￿duurz￿ E>￿c>￿￿￿ 5 t dqg iurp dq| vxfk vwdwh >￿ wkhuh lv d sdwk
iE>￿c>￿￿￿cE>￿￿c> ￿￿￿￿c￿￿￿cE>Eo3￿￿c>Eo￿￿j ￿ t zkrvh hqg srlqw >Eo￿ ’ >￿
Iru hyhu| sdlu >c> ￿ 5 K/ ghqrwh RE>c>￿￿ ￿ ’-E>￿ m >￿￿ Wr uh hfw wkh
ghshqghqfh ri wkhvh wudqvlwlrq suredelolwlhv rq bc zh vkdoo ￿qg lw xvhixo wr
zulwh wkhp dv RbE>c> ￿￿￿
Iru dq| jlyhq > 5 Kc ohw \> vwdqg iru wkh +￿qlwh, vhw ri doo >0wuhhv1 Zh









Wkh iroorzlqj Wkhruhp lv dq dssolfdwlrq ri d uhvxow e| Iuhlgolq ) Zhqw}ho
+4<;7/ s1 4::, wr rxu frqwh{w1
63Wkhruhp E Wkh lqyduldqw glvwulexwlrq l






^bE>￿E > 5 K￿￿
Wkh uhpdlqlqj sduw ri wkh surri lqyroyhv ￿qglqj dssursuldwh xsshu ru
orzhu erxqgv iru hdfk ^bE>￿/ > 5 lc dv d ixqfwlrq ri b￿ Iluvw/ qrwh wkdw wkh
vwdwh vsdfh K fdq eh sduwlwlrqhg lqwr vrph ^ htxlydohqfh fodvvhv iD￿j
^
￿’￿/ hdfk
rqh ri wkhp frqvlvwlqj ri doo wkrvh vwdwhv ehorqjlqj wr wkh vdph ?0f|foh iru
wkh xqshuwxuehg g|qdplfv1 Wkdw lv/ iru dq| vxfk D￿/
>c>
￿ 5 D￿ , >
￿ ’ 8
oE>￿co￿ ?￿
Frqvlghu qrz d ￿ ,0wuhh t zlwk wkh iroorzlqj wzr fkdudfwhulvwlfv=
+l, ;D￿ 9’ i￿,j wkhuh h{lvwv d xqltxh ￿ > 5 D￿ vxfk wkdw d> 5 D￿c>9’
￿ >c E>c>￿￿ 5 t o , >￿ 5D ￿c
+ll, ;D￿ 9’ i￿,jc d> 5D ￿c >￿ * 5 D￿c E>c> ￿￿ 5 t o , ￿E>￿￿’￿E>￿n￿ c
zkhuh uhfdoo wkdw ￿E>￿ vwdqgv iru wkh qxpehu ri frpsrqhqwv lq > htxdo wr ￿
+fi1 surri ri Sursrvlwlrq 5,￿ Vrph vxfk ￿,0wuhh t fdq eh uhdglo| frqvwuxfwhg1
Ghqrwh mKm ’￿ ? ￿ ￿ dqg uhfdoo wkh gh￿qlwlrqv ri kb dqg qb irxqg lq +44,
dqg +45,1 Vlqfh lw lv dvvxphg wkdw 4 9’ ￿*2 +dqg wkxv 1￿￿*2￿c Dvvxpswlrq
D15 lpsolhv wkdw kb :q b iru doo b:f￿ Qrz/ iru dq| ￿,0wuhh t vdwlvi|lqj +l,













Khuh/ zh uho| rq wkh idfw wkdw iru wudqvlwlrqv dfurvv vwdwhv ehorqjlqj wr wkh
vdph D￿c doo vwdwhv kdyh wkh vdph sulru suredelolw| ri ehlqj uhdfkhg dffruglqj
wr -E￿ m >￿ +lq sduwlfxodu/ qr vpdoohu wkdq ￿
?￿￿ Reylrxvo|/ e| +53,/ wkh vdph








Frqvlghu qrz dq| >0wuhh iru > 5 Kc > 9’￿ ,￿ Wklv wuhh pxvw kdyh d sdwk +
olqnlqj vwdwh ￿, wr >￿ Vlqfh ￿E>￿ ￿ ￿’￿E￿,￿c rqh ri wkh duurzv lq wklv wuhh
E>￿c>￿￿￿ pxvw lqyroyh ￿E>￿￿ :￿ E>￿/ lwv dvvrfldwhg wudqvlwlrq suredelolw| ehlqj
qr odujhu wkdw qb￿ Wklv lpsolhv wkdw=
^bE>￿ ￿ gq bk
^32
b c +55,
64iru vrph g zklfk fdq eh fkrvhq htxdo wr wkh odujhvw fduglqdolw| m\>m dfurvv
doo > 5 K￿









Jlyhq vxfk ic rqh pd| lqyrnh Dvvxpswlrq D14 wr dvvhuw wkdw wkhuh h{lvw vrph
7 b vxfk wkdw li f ￿b￿ 7 bc
qb
kb











iru dq| > 5 Kc>9’￿ ,￿ Wkhuhiruh/
^bE￿,￿ ￿ ￿ ￿
[
>￿’￿ W
^bE>￿ ￿ ￿ ￿
￿ ￿ ￿
￿
B ￿ ￿ ￿ Bc
zklfk lv wkh ghvluhg frqfoxvlrq/ wkxv frpsohwlqj wkh surri1
Surri ri Sursrvlwlrq 81 Ghqrwh e| Kf ￿ ifc￿j? ￿ K￿ Lq ylhz ri
Sursrvlwlrq 7 dqg lwv Fruroodu| 4/ doo wkrvh vwdwhv > * 5 Kf duh wudqvlwru| dqg/
wkhuhiruh/ wkh vxssruw ri l
W pxvw eh lqfoxghg lq Kf1 Fohduo|/ wklv doorzv
xv wr uhvwulfw wkh judsk0wkhruhwlf whfkqltxhv ri Iuhlgolq dqg Zhqw}ho +4<;7,
ghvfulehg deryh wr dsso| rqo| wr vwdwhv lq Kf￿
Zlwk wklv vlpsoli|lqj uhvwulfwlrq lq sodfh/ Wkhruhp E/ dqg Dvvxpswlrq
D16/ wkh ghvluhg frqfoxvlrq lv d gluhfw frqvhtxhqfh ri wkh iroorzlqj Fodlp1
Fodlp= Frqvlghu dq| ￿ > 5 Kfc ￿ > 9’￿ ,￿Wkhuh lv d rqh0wr0rqh pdsslqj C
ehwzhhq wkh vhw ri ￿ >0wuhhv \￿ > dqg wkh vhw ri ￿,0wuhhv \￿ W +uhvwulfwhg wr











Wr hvwdeolvk wklv Fodlp/ fkrrvh vrph ￿ > 5 Kf dqg dq| dvvrfldwhg ￿ >0wuhh ￿ t￿
Ohw ￿ + ￿ ￿ t eh wkh sdwk mrlqlqj wkh vwdwh ￿, wr ￿ >￿ Wr frqvwuxfw wkh dvvrfldwhg
S0wuhh ￿ t ’C E ￿ t ￿/ ￿uvw uhyhuvh hyhu| duurz E>￿c> ￿￿￿ 5 wr wkh fruuhvsrqglqj
65rqh E>￿￿c>￿￿￿ Ohw ￿ + ghqrwh wkh dvvrfldwhg sdwk mrlqlqj ￿ > wr vwdwh ￿,￿ Wkhq/ zh
vlpso| pdnh ￿ t ’E￿ t q￿ +￿ ^ ￿ +￿ Wklv surfhgxuh ohdgv d zhoo0gh￿qhg ￿,0wuhh1 Rq
wkh rwkhu kdqg/ lw gh￿qhv d rqh0wr0rqh pdsslqj vlqfh lw lv lqmhfwlyh dqg rqwr1
+Vlpso| qrwh wkdw wkh frqyhuvh uhyhuvdo surfhgxuh dvvrfldwhv wr hdfk ￿,0wuhh
d xqltxh ￿ >0wuhh1,
Qh{w/ +57, lv yhul￿hg1 E| frqvwuxfwlrq/ rqh kdv
T
E>￿c>￿￿￿M￿ t RbE>￿c> ￿￿￿
T
E>￿c>￿￿￿M￿ t RbE>￿c> ￿￿￿
’
T
E>￿c>￿￿￿M￿ + RbE>￿c> ￿￿￿
T
E>￿c>￿￿￿M￿ + RbE>￿c> ￿￿￿
￿ j +58,
Wkxv/ wr frpsohwh wkh surri/ lw lv hqrxjk wr vkrz wkdw/ xqghu Dvvxpswlrq
D16/ j:￿￿ Wr wklv h￿hfw/ lw lv xvhixo wr vshfli| d olvw ri erxqgv rq wkh
yduldwlrq ri wudqvlwlrq suredelolwlhv dfurvv dq| wzr vwdwhv >￿c>￿￿ 5 Kf zlwk
m￿E>￿￿ ￿ ￿E>￿￿￿m￿￿ +uhfdoo wkdw ￿E>￿ ghqrwhv wkh qxpehu ri xqlw frpsrqhqwv
ri >￿=56
+4, ￿E>￿￿ ’ ￿E>￿￿￿ ,
￿
?2E￿ ￿ kb￿ ￿ RbE>￿c>￿￿￿ ￿ ￿ ￿ qb￿
+5, ￿E>￿￿￿ : ￿E>￿￿ ,
￿
?2kb ￿ RbE>￿c>￿￿￿ ￿ kb￿
+6, ￿E>￿￿￿ ￿￿ E>￿￿ , ￿
?2qb ￿ RbE>￿c>￿￿￿ ￿ qb￿
Wkhvh lqhtxdolwlhv uhdglo| iroorz iurp wkh vshfl￿fdwlrq ri wkh surfhvv ’-
dqg/ lq sduwlfxodu/ wkh idfw wkdw shuwxuedwlrqv dw hdfk ohyho duh srvwxodwhg
htxl0suredeoh1
Frqvlghu qrz wkh ￿ + sdwk dqg ghqrwh e| ￿ ^￿c ￿ ^2 dqg ￿ ^￿ wkh qxpehu ri
wudqvlwlrqv E>￿c>￿￿￿ 5 ￿ + iru zklfk/ uhvshfwlyho|/ +4,/ +5,/ ru +6, deryh dsso|1
Vlqfh ￿E￿ ,￿ ’ ?c zh kdyh=
? ￿ ￿E￿ >￿’￿ ^2 ￿ ￿ ^￿ : f￿
Vlploduo|/ li ￿ ^￿c ￿ ^2 dqg ￿ ^￿ ghqrwh wkh qxpehu ri wudqvlwlrqv E>￿c> ￿￿￿ 5 ￿ + iru
zklfk/ uhvshfwlyho|/ +4,/ +5,/ ru +6, deryh dsso|/ rqh kdv ￿ ^￿ ’￿ ^￿c ￿ ^2 ’￿ ^￿c





























56Qrwh wkh rqo| wudqvlwlrqv +￿3>￿33, wkdw kdyh srvlwlyh suredelolw| dffruglqj wr TU duh
wkrvh iru zklfk m"+￿3, ￿ "+￿33,m￿4=













Vlqfh ￿ ^￿ n￿ ^2 n￿ ^￿ ￿ oc ￿ ^￿ ￿ o ￿ ?c dqg ￿ ^2 ￿ ￿ ^￿ ￿ ￿c Dvvxpswlrq D16 lpsolhv
wkdw j : ￿c dv ghvluhg/ wkxv frpsohwlqj wkh surri1
Surri ri Sursrvlwlrq 91 Iluvw/ revhuyh wkdw dw ohdvw rqh lqwhulru ￿{hg
srlqw pxvw h{lvw vlqfh wkh ixqfwlrq sE￿￿ vshfl￿hg lq +46, lv frqwlqxrxv dqg/
iurp +d*, dqg +g*,/ lw iroorzv wkdw wkhuh duh vrph %￿ ￿% ￿￿ vxfk wkdw sE%￿￿ ￿% ￿
dqg sE%￿￿￿ :% ￿￿￿ Lw lv lpphgldwh wr vhh wkdw vxfk ￿{hg srlqwv fdq rqo| h{lvw lq
udqjhv +d*, dqg +f*,/ lq erwk ri zklfk zh kdyh sE%￿’
￿
4%2￿ Wkh rqo| lqwhulru
￿{hg srlqw ri wklv ixqfwlrq lv %W ’ 4c zklfk frpsohwhv wkh surri1
Surri ri Sursrvlwlrq :1 Wkh surri lv h{dfwo| dv wkdw ri Sursrvlwlrq
7z l w k4 vxevwlwxwlqj 11
Surri ri Wkhruhp 51 Uhfdoo wkh gh￿qlwlrqv ri ￿ kb dqg ￿ qb lqwurgxfhg
lq +47, dqg +48,1 Li 4 ￿ ￿*2c wkhq ￿ kb ’ kb dqg ￿ qb ’ qbc zkhuh kb dqg qb
duh gh￿qhg lq +44, dqg +45,/ uhvshfwlyho|1 Wkhq/ wkh vdph dujxphqw xvhg lq
wkh surri ri Wkhruhp 4 fdq eh dssolhg wr ghulyh wkh ghvluhg frqfoxvlrq1
Frqvlghu wkh dowhuqdwlyh fdvh zkhuh 4 : ￿*2￿ Dvvxpswlrq D15 lpsolhv
wkdw ￿ kb ￿ ￿ qb￿ D olqh ri dujxphqw dqdorjrxv wr wkdw xvhg iru Wkhruhp 4 +exw




E￿ ￿ ￿ qb￿ ￿ q
^3￿
b
dqg/ iru doo > 5 ifc￿c4j?c>9’ Rc
^bE>￿ ￿ g ￿ kb ￿ q
^32
b
iru vrph odujh hqrxjk g￿
Wkxv/ jlyhq dq| B:fc fkrrvh i dv lq +56, dqg vhohfw 7 b vpdoo hqrxjk vxfk
wkdw li f ￿b￿ 7 bc wkhq=
￿ kb
￿ qb











dqg wkhuhiruh ^bER￿ ￿ ￿ ￿ Bc dv ghvluhg1 Wklv frpsohwhv wkh surri ri wkh
Wkhruhp1
67Surri ri Sursrvlwlrq ;1 Iluvw/ vxssrvh 4 ￿ ￿*2 zklfk/ dv lqglfdwhg
lq wkh surri ri Wkhruhp 5/ lpsolhv wkdw
￿ kb ’ kb :q b ’ ￿ qb
zkhuh kb dqg qb duh jlyhq e| +44, dqg +45,/ dqg ￿ kb dqg ￿ qb duh gh￿qhg lq
+47, dqg +48,1Wkhq/ wkh dujxphqw ri Sursrvlwlrq 8 fdq eh uhsolfdwhg zlwkrxw
fkdqjh1
Li lqvwhdg 4 : ￿*2c wkhq ￿ kb ￿ ￿ qb dqg d surri dqdorjrxv wr wkdw ri
Sursrvlwlrq 8 fdq eh dssolhg/ qrz vxevwlwxwlqj ￿ kb iru qb/ ￿ qb iru kbc dqg wkh
iuhtxhqf| % ’ f iru % ’￿lq wkh frpsrqhqwv ri vwdwhv > 5 Kf￿ Dq| ghwdlov
vkrxog eh dssduhqw/ ehlqj d vwudljkwiruzdug frxqwhusduw ri wkrvh irxqg lq
wkh iruphu surri1
6869Uhihuhqfhv
^4‘ Dxpdqq/ U1 +4<<6,= ￿Qdvk htxloleuld duh qrw vhoi0hqiruflqj￿/ lq M1 Jde0
v}hzlf}/ M0I1 Wklvvh dqg O1 Zrovh| +hgv1,/ Hfrqrplf Ghflvlrq Pdnlqj=
Jdphv/ Hfrqrphwulfv dqg Rswlpl}dwlrq/ Hovhylhu E1Y1
^5‘ Froh/ K1O1/ J1P1 Pdlodwk ) D1 Srvwohzdlwh +4<<5,= Vrfldo qrupv/ vdylqj
ehkdylru/ dqg jurzwk￿/ Mrxuqdo ri Srolwlfdo Hfrqrp| 433/ 43<5044581
^6‘ Froh/ K1O1/ J1P1 Pdlodwk ) D1 Srvwohzdlwh +4<<9,= ￿Fodvv v|vwhpv dqg
wkh hqirufhphqw ri vrfldo qrupv￿/ plphr1
^7‘ Er|g/ U ) S1 M1 Ulfkhuvrq +4<;8,= Fxowxuh dqg wkh Hyroxwlrqdu| Surfhvv/
Fklfdjr= Xqlyhuvlw| ri Fklfdjr Suhvv1
^8‘ Fruqhr/ J1 ) R1 Mhdqqh +4<<9,= ￿Vrfldo Rujdql}dwlrq/ Vwdwxv/ dqg Hfr0
qrplf Jurzwk￿/ plphr1
^9‘ Hoolvrq/ J1 +4<<6,= ￿Ohduqlqj/ orfdo lqwhudfwlrq/ dqg frruglqdwlrq￿/
Hfrqrphwulfd 7/ 437:￿:61
^:‘ Ho|/ M1 +4<<8,= ￿Orfdo frqyhqwlrqv￿/ plphr/ Xqlyhuvlw| ri Fdoliruqld dw
Ehunhoh|1
^;‘ Ihlqehuj/ \1 +4<<7,= ￿Hyroxwlrqdu| vhohfwlrq ri dq htxloleulxp￿/ Glvfxv0
vlrq Sdshu qr1 6</ Ghsduwphqw ri Hfrqrplfv/ Wkh Kheuhz Xqlyhuvlw| ri
Mhuxvdohp1
^<‘ Ihogpdq/ P1 ) F1 Jloohv +4<;8,= ￿Dq h{srvlwru| qrwh rq lqglylgxdo ulvn
zlwkrxw djjuhjdwh xqfhuwdlqw|￿/ Mrxuqdo ri Hfrqrplf Wkhru| 68/ 590651
^43‘ Ihuvkwpdq/ F1/ N1 Pxusk| ) \1 Zhlvv +4<<9,= ￿Vrfldo vwdwxv/ hgxfdwlrq/
dqg jurzwk￿/ Mrxuqdo ri Srolwlfdo Hfrqrp| 437/ 43;0651
^44‘ Irvwhu/ G1 ) S1 \rxqj +4<<3,= ￿Vwrfkdvwlf hyroxwlrqdu| jdph g|qdp0
lfv/￿ Wkhruhwlfdo Srsxodwlrq Elrorj| 6;/ 54<0651
^45‘ Ixghqehuj/ G1 ) F1 Kduulv +4<<5,= ￿Hyroxwlrqdu| g|qdplfv zlwk djjuh0
jdwh vkrfnv￿/ Mrxuqdo ri Hfrqrplf Wkhru| 8:/ 7530741
^46‘ Iuhlgolq/ P1L1 ) D1G1 Zhqw}hoo +4<;7,= Udqgrp Shuwxuedwlrqv ri G|0
qdplfdo V|vwhpv/ Qhz \run= Vsulqjhu Yhuodj1
^47‘ Kduulqjwrq/ M1H1 +4<<8,= ￿Dq h{sorudwlrq lqwr wkh vrfldo hyroxwlrq ri
dgdswdwlyh dqg uljlg ehkdylru￿/ Z1S1 qr1 68;/ Ghsduwphqw ri Hfrqrplfv/
Wkh Mrkq Krsnlqv Xqlyhuvlw|1
6:^48‘ Kduvdq|l/ M1F1 ) U1 Vhowhq +4<;;,= D Jhqhudo Wkhru| ri Htxloleulxp
Vhohfwlrq/ Fdpeulgjh/ Pdvv1/ PLW Suhvv1
^49‘ Mxgg/ N1 O1 +4<;8,= ￿Wkh Odz ri Odujh Qxpehuv zlwk d frqwlqxxp ri
LLG udqgrp yduldeohv￿/ Mrxuqdo ri Hfrqrplf Wkhru| 68/ 4<0581
^4:‘ Ndqgrul/ P1/ J1 Pdlodwk ) U1 Ure +4<<6,= ROhduqlqj/ pxwdwlrqv/ dqg
orqj0uxq htxloleuld lq jdphv￿/ Hfrqrphwulfd 94/ 5<0891
^4;‘ Ndudqglndu/ U1/ G1 Prrnkhumhh/ G1 Ud| ) I1 Yhjd0Uhgrqgr +4<<9,=
￿Hyroylqj dvsludwlrqv dqg frrshudwlrq￿/ ZS0DG <9039/ Xqlyhuvlgdg gh
Dolfdqwh1
^4<‘ Pdlodwk/ J1/ O1 Vdpxhovrq ) D1 Vkdnhg +4<<8,= ￿Hyroxwlrq dqg hqgrjh0
qrxv lqwhudfwlrqv￿/ Vrfldo V|vwhpv Uhvhdufk Lqvwlwxwh/ zrunlqj sdshu
qr1 <759/ Xqlyhuvlw| ri Zlvfrqvlq dw Pdglvrq1
^53‘ Ph|q/ V1S1 ) U1O1 Wzhhglh +4<<6,= Pdunry Fkdlqv dqg Vwrfkdvwlf Vwd0
elolw|/ Orqgrq= Vsulqjhu Yhuodj1
^54‘ Vdpxhovrq/ O1 +4<<7,= ￿Vwrfkdvwlf Vwdelolw| lq Jdphv zlwk Dowhuqdwlyh
Ehvw Uhsolhv￿/ Mrxuqdo ri Hfrqrplf Wkhru| 97/ 680981
^55‘ Yhjd0Uhgrqgr/ I1 +4<<:,= ￿Xqiroglqj vrfldo klhudufklhv lq odujh srsxod0
wlrq jdphv +LL,= wkh dv|pphwulf frruglqdwlrq fdvh￿/ plphr/ Xqlyhuvlw|
ri Dolfdqwh1
^56‘ \rxqj/ S1 +4<<6,= RWkh hyroxwlrq ri frqyhqwlrqv￿/ Hfrqrphwulfd 94/
8:0;71
6;